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Abstract

The broadcast spawning reproductive strategy relies on turbulent stirring processes
in the flow to bring together gametes previously released by adult males and females.
The subsequent fertilization rate depends on the product of co-occurring concentra-
tions of egg and sperm. Turbulent mixing produces a strong average dilution in these
concentrations, suggesting that an increase in turbulence would reduce the average
local fertilization rate. However, turbulent dilution occurs at time scales that may be
long compared to those associated with fertilization. Therefore, the instantaneous
structure of egg and sperm filaments at shorter time scales must be considered.
In this paper, a mechanism is proposed whereby coherent turbulent structures in
the velocity field cause coalescence between high-concentration filaments of egg and
sperm, significantly enhancing the average fertilization rate. Simple analytical and
numerical models are used to demonstrate how the mechanism works, and to make
qualitative estimates of its effect on the resulting fertilization rate. The results sug-
gest that the efficiency of broadcast spawning is a consequence of features in the
instantaneous turbulent field, and that this efficiency is not captured by models
that consider only time-averaged features of the flow.

Key words: turbulence, turbulent diffusion, plumes, benthic boundary layer,
spawning, external fertilization

* Corresponding author.

Email address: crimaldi@colorado.edu (J.P. Crimaldi).

URL: http://ceae.Colorado.EDU/ crimaldi/ (J.P. Crimaldi).
1 The authors would like to thank Jeffrey B. Weiss for suggestions regarding the
mathematical formulation of the ideal vortex system. We also thank Andrew Ed-
wards and an anonymous reviewer for their efforts in improving the manuscript.

Preprint submitted to Elsevier Science 5 June 2003



1 Introduction

Many benthic invertebrates utilize broadcast spawning as a reproductive strat-
egy. Species using this type of external fertilization are typically sessile (e.g.,
mussels, sea urchins, sea anemones, tube-dwelling polychaetes), or are lim-
ited in their ability to aggregate by the nature of their chosen habitats or
environments (Denny and Shibata, 1989). To spawn, adult males and females
extrude sperm and ova into the surrounding flow, typically a turbulent benthic
boundary layer. The strategy then relies primarily on turbulent stirring (at
large and moderate spatial scales) and molecular diffusion and sperm taxis (at
small scales) to bring the gametes together before possible fertilization can take
place. Locally, the fertilization rate depends on the product of co-occurring egg
and sperm concentrations (Vogel et al., 1982), and these concentration fields
are shaped largely by the characteristics of the turbulent stirring. Conventional
thought has been that, since turbulence rapidly dilutes the concentrations of
egg and sperm, it diminishes the effectiveness of broadcast spawning. Cur-
rent models (Denny, 1988; Denny and Shibata, 1989) support this concept,
but these models strongly under-predict measured fertilization rates in the
field. In this paper, we propose a contrary hypothesis: while turbulence pro-
motes dilution at longer time scales (and in an averaged sense), instantaneous
turbulent processes might promote short-term coalescence of egg and sperm,
enhancing fertilization rates. We use a combination of conceptual, analytical
and numerical models to provide highly simplified illustrations of how these
mechanisms might work. The purpose of this paper is not to provide defini-
tive or quantitative answers to this problem; instead, we seek to suggest a new
framework for studies concerning the role of turbulent stirring in the broadcast
spawning process.

A range of physical, chemical, and biological factors affect the success of broad-
cast spawning. Most of these factors are beyond the scope of this paper; we
focus here on the role of physical stirring of egg and sperm by fluid turbu-
lence. Prior studies have identified a host of biological factors. The importance
of adult aggregation and distribution has been shown in the field (Penning-
ton, 1985; Coma and Lasker, 1997; Atkinson and Yund, 1996; Levitan et al.,
1992), and with analytical models (Denny et al., 1992; Levitan and Young,
1995; Claereboudt, 1999). Adult synchronization of gamete release increases
the likelihood of contact between egg and sperm, and mitigates deleterious
effects of sperm aging (Giese and Pearse, 1974; Levitan et al., 1991; Levitan,
1995). The period of time over which the gametes are released, the individual
reproductive output, and the collective ratio of sperm and ova also influence
fertilization success (Yund, 2000). Once released into the flow, sperm and ova
may coalesce as a result of passive transport by the turbulence, or by active
sperm swimming. Sperm chemotaxis has been documented in several phyla
(Miller, 1985), but the demonstrated attraction distance was only 100-200



mm. Sperm swimming velocities have been measured for several benthic in-
vertebrates to be in the range of 0.05 to 0.3 mm s~! (Gray, 1955; Levitan et al.,
1991; Levitan, 1993). Since the separation between spawning adults may be
on the scale of centimeters or meters, and the velocity fluctuations in typical
turbulent benthic flows are on the scale of 0.01 m s™! to 0.1 m s™' (Denny,
1988), it is likely that the motion of egg and sperm is almost entirely passive
(Eckman 1996), and it has been suggested that the action of sperm swim-
ming and chemotaxis is unlikely to substantially increase egg-sperm collisions
(Levitan, 1995). However, if turbulent stirring brings the sperm and egg into
close proximity, sperm swimming and chemotaxis might significantly increase
the effective local mixing rates. Once a sperm-ova collision takes place, factors
including sperm age, compatibility, and the jelly coat thickness of the egg de-
termine if the collision will lead to a successful fertilization (Levitan, 1995).
Even if fertilization does take place, other factors can impede the proper de-
velopment of the zygote. The possible rapid re-fertilization of an egg by a
second sperm leads to polyspermy and either mortality or abnormal larval
development (Byrd, Jr. and Collins, 1975; Styan, 1998). Excessive hydrody-
namic shear has also been shown to impede normal development (Mead and
Denny, 1995).

We now turn our attention to prior studies of the role of physical (turbu-
lent) processes on fertilization success. Denny (1988) and Denny and Shibata
(1989) developed an analytical model to investigate the effect of mean turbu-
lent transport and dispersion on broadcast spawning. The model combines a
fertilization kinetics model (Vogel et al., 1982) with a model for time-averaged
plume concentrations (Csanady, 1973) to predict fertilization success rates.
The results suggest that rapid dilution of gametes by turbulent mixing drasti-
cally limits the efficiency of external fertilization, with a decrease in efficiency
with increasing turbulence intensities. Using parameters for the purple sea
urchin Strongylocentrotus purpuratus, fertilization success rates are predicted
in the range of only 0.01% to 1%. Levitan (1995) notes that if an error in
the dispersion coefficients used by Denny and Shibata were corrected, then
the predicted fertilization success rates would be even lower. By way of con-
trast, field studies for a wide range of taxa indicate that the probability of
fertilization success is much higher than that predicted by the time-averaged
model of Denny and Shibata. The average fertilization success in the field is
rarely less than 5%, and is often as high as 90%; when the nearest spawning
male is closer than 1 m away, the fertilization success is typically greater than
50% (Eckman, 1996; Yund, 2000). Field observations also show high variabil-
ity in local fertilization rates, with marked variation even on scales of seconds
and centimeters (Coma and Lasker, 1997). This observed variability, combined
with the underpredictions of the time-averaged model, suggests that instan-
taneous mixing processes might play an important role in the efficiency of the
broadcast spawning strategy.



Turbulent mixing of introduced chemicals, gametes, or other scalars is a re-
sult of complex instantaneous processes that occur over a range of spatial and
temporal scales. For a single scalar, turbulent mixing produces a time-average
concentration field that can be accurately described using analytical solutions
to the advection-diffusion equation, where the effect of turbulence is mod-
eled through an enhanced, effective turbulent diffusivity (Fischer et al., 1979).
However, the instantaneous turbulent mixing processes that produce the en-
hanced diffusivity are the subject of a rich and on-going field of study. Mixing
scenarios that involve sparse distributions of multiple scalars in chaotic turbu-
lent flows are particularly complex, making an understanding of the broadcast
spawning process at an instantaneous level difficult.

Turbulence, and turbulent mixing, is challenging to study at the instanta-
neous level because it is chaotic. Chaotic processes exhibit an acute sensi-
tivity to changes in initial conditions (Pope, 2000), complicating attempts to
generalize their instantaneous behavior (even though their average behavior
may be clear). Nonetheless, there is a vocabulary that is used to describe
the effects of turbulence structure on introduced scalars. Turbulence first stirs
scalars (Eckart, 1948; Garrett, 1983) into thin filament shells. The stirring
process enhances local scalar gradients, and increases the interfacial area of
the scalar, leading to increased mixing by molecular diffusion. The separate
timescales associated with stirring and mixing dictate the resulting character
of the scalar field. A blob of a weakly diffusive scalars is stirred into well-
defined filaments, with alternating striations of marked and unmarked fluid;
the striation thickness decreases with time, but the low molecular diffusiv-
ity discourages intermingling. Alternatively, a blob of strongly diffusive scalar
blurs rapidly into the surrounding unmarked fluid, and the effect of stirring
may be strongly diminished. The practical extent to which a scalar is weakly
or strongly diffusive depends not only on the Schmidt number of the scalar
in the given fluid (i.e., the ratio of the diffusivity of fluid momentum to the
diffusivity for the scalar), but also on the character of the turbulent stirring.
The way in which turbulence stirs fluid, and scalars in the fluid, can be de-
scribed in terms of stretching and folding of filaments (Ottino, 1989). The
stretching process promotes mixing through enhancement of interfacial area,
and the folding process allows the exponentially stretched material to fit into
a finite space (Hinch, 1999).

An understanding of the broadcast spawning problem requires knowledge not
only of how each of the two scalars (egg and sperm) evolve over space and
time, but also of how they evolve relative to each other. This adds an extra
layer of complexity to this problem relative to those with only a single scalar.
While there are a few studies that have looked at turbulent mixing of multiple
scalars (Juneja and Pope, 1996; Li and Bilger, 1996; King et al., 1997), an
understanding of how multiple scalars develop in turbulent flow is relatively
undeveloped.



The work presented in the present paper is motivated by the idea that turbu-
lent stirring combined with molecular diffusion might produce spatial correla-
tions between two passive scalars at intermediate timescales (thus enhancing
fertilization efficiency), even if those scalars were not spatially correlated in the
initial condition. Passive scalars do not influence the flow-field, or the scalar
field of other scalars, so this proposed idea can be somewhat counter-intuitive.
However, each scalar in a turbulent flow shares the same structured velocity
field, which could produce spatial correlations in the scalar fields. The idea of
turbulence producing correlations between passive entities in the flow is not
without precedent in the literature, at least in the context of particles with
slightly higher inertial characteristics than the fluid. The “focussing” of pas-
sive particles into selected regions of turbulent flows for particles with Stokes
numbers greater than unity has been discussed by various researchers (Tang
et al., 1992; Crowe et al., 1995; Shaw, 2003). In the present paper, we inves-
tigate this effect for hypothetical particles that are assumed to exactly follow
the motion of the fluid (Stokes number equal to unity).

Stirring results from gradients in the velocity field that are associated with
spatial structure. Since vortex motion is a dominant structure in turbulence,
it is logical to consider stirring associated with simple vortex flows as a way of
understanding generalized turbulent stirring. In addition to accelerated scalar
diffusion due to local gradient enhancement, vortex structures create spiral
scalar structures that lead to a global acceleration in dissipation (Flohr and
Vassilicos, 1997; Provenzale et al., 1999). Given the complexity of this problem,
most studies to date have chosen to restrict the velocity field to two dimensions
(Provenzale et al., 1999; Gerlinger et al., 2000). Although there are fundamen-
tal differences between 2D and 3D turbulence (e.g., vortex stretching, spectral
distribution, energy cascade), there are still a number of fundamental similar-
ities which justify the simplification. Within the context of understanding the
role of vortex motions in turbulent mixing, these 2D flows are often further
simplified to consist of just one or several idealized vortices (Aref, 1983; Babi-
ano et al., 1994). In keeping with this growing body of literature, we employ
such simplifications in the present work.

2 The Role of Instantaneous Processes

A fundamental tenet in the study of mixing is that turbulence produces rapid
dilution of introduced scalars. By extension, it has been assumed that turbu-
lence reduces the effectiveness of broadcast spawning through rapid dilution
of egg and sperm concentrations. In truth, the tenet of rapid turbulent dilu-
tion is biased by our propensity to consider only the average concentration
field rather than its instantaneous structure. Consider a chemical plume with
a source concentration Cj that is introduced into a turbulent flow. As the



plume is advected downstream, it is stirred (strained) into filaments by the
coherent velocity structures in the flow. At the same time, molecular diffusion
tends to smear out and dilute the filaments. However, for weakly diffusive
scalars (characterized by high Schmidt number; this is typical of particles in-
troduced into a flow), this molecular smearing is small relative to the turbulent
stirring at short time scales. The turbulence quickly distributes the filaments
over an areal extent that is large compared to the source, and the resulting
spatially averaged concentration at a downstream location is small compared
to Cy, suggesting rapid dilution. The time-averaged concentration at a fixed
downstream location is equally small. The instantaneous scalar field, however,
is more complicated. The concentration within the filaments themselves de-
creases quite slowly relative to the time-averaged dilution rate. For weakly
diffusive scalars, turbulence is initially inefficient at producing dilution at the
scale of the filaments; the turbulence merely stretches and strains the fila-
ments into different shapes without markedly changing their concentration. It
is only when these concentrated filaments are averaged with the surrounding
low-concentration fluid that strong dilution is evident. In other words, the
rapidity of dilution produced by turbulent mixing can appear very different
to observers who view the flow with different temporal and spatial resolutions
(see, for example, Crimaldi et al., 2002a). Often, only the time-averaged con-
centration field (which experiences rapid dilution) is considered, biasing the
perceived effect of turbulence on introduced scalars.

The contrast between the time-averaged (mean) and instantaneous concentra-
tions in a turbulent plume is evident in the laboratory data shown in Fig. 1.
The data show scalar concentrations in a thin horizontal slice through a plume
of fluorescent dye in a turbulent boundary layer (see Crimaldi and Koseff, 2001;
Crimaldi et al., 2002b). Figure 1(a) is the mean concentration field (an average
of 8000 images acquired at 2Hz) , where concentration strengths (normalized
by the source strength) are color coded as shown in the legend. Figure 1(b)
is an enlarged snapshot (with a different color scale range) of a typical in-
stantaneous concentration field from the boxed region delineated in Fig. 1(a).
Note that the instantaneous concentration field is highly intermittent, with
small filaments of high concentrations surrounded by large regions with low
or zero concentration. The filaments are shaped by the turbulent velocity
field. Figure 1(c) is a comparison of lateral concentration profiles at x=106
cm (shown by the dotted line). The red line is the instantaneous concentra-
tion corresponding to the instant shown in 1(b). The blue line is the mean
concentration; it has a Gaussian profile. The instantaneous profile contains
concentrations that can exceed the local mean concentration by several orders
of magnitude. Furthermore, scalar structures having relatively high concentra-
tions persist as the plume advects downstream, even though the local mean
concentration is much lower.

The evolution of egg and sperm concentrations (C, and Cy) in a turbulent
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Fig. 1. Comparison of mean and instantaneous structure in a laboratory plume.
Data from Crimaldi et al. (2002b).

plume can be modeled as the turbulent transport of two reactive chemical
species (egg and sperm). Such a system is governed by a pair of coupled
advection-diffusion equations (Hinze, 1959)

aa(/;e — —7-VC, + DV2C, — kC.C, ()
aaCt’S =—u- VCS + DVQCS - kC@OS (2)

where u is the local velocity, and D is the effective turbulent scalar diffusivity.
The final term in each equation is the removal of egg and sperm via fertil-
ization. The rate of fertilization depends on the product of the co-occurring
egg and sperm concentrations, multiplied by a rate constant k (Vogel et al.,
1982). The local concentrations can be decomposed into the sum of the mean
component (denoted by an overbar) and fluctuating component (denoted by
a prime):

C.(t) = C. + c.(t) Ci(t) = Cys + c,(t) (3)

Substituting the concentration decompositions into the fertilization rate term



kEC.Cs, and time averaging, gives

KC.()Ci(t) = k (C.C. + o) (4)
where we have made use of the fact that C.c, = 0 and Cyc, = 0. Thus, the av-
erage fertilization rate has two terms: the product of the local mean concentra-
tions, plus the local correlation of the fluctuating concentration components.
Previous models of broadcast spawning (e.g. Denny, 1988; Denny and Shibata,
1989) considered only the product of the means, and neglected the correlation
term c.c.. The correlation term is non-zero if the egg and sperm concentra-
tion fields are spatially correlated. In the following sections, we present simple
conceptual and numerical models that suggest the following: 1) if egg and
sperm filaments tend statistically to overlap, the resulting fertilization rates
are dramatically larger than predicted by time-averaged models, and 2) co-
herent turbulent structures are likely to produce such statistical overlapping.

3 A Conceptual Model for Instantaneous Processes

To illustrate how instantaneous structure in scalar fields can produce a fertil-
ization rate that differs from the rate predicted based only on time-averaged
concentrations, we present a highly simplified, conceptual model of scalar co-
alescence. In this model, we do not consider the physical mechanisms that
might produce the coalescence (these are addressed later using numerical sim-
ulations of scalar-vortex interactions). The conceptual model demonstrates
the non-linearity of the fertilization rate term k£C.C, and provides insight to
the conditions under which instantaneous processes have the largest impact
on the resulting fertilization rate.

Consider two mixing scenarios each involving scalars A and B (e.g., egg and
sperm). In the first, equal amounts of A and B are completely mixed through-
out the entire extent of a fixed volume of water. In the second, the same
masses of A and B are mixed into separate (but partially overlapping) sub-
regions within the same fixed volume of water. In the latter scenario, the
concentrations of A and B in the small sub-regions are high (relative to the
concentrations in the first scenario), and the concentrations are zero outside
the sub-regions. The average products of the concentrations C'4Cg in each of
these two scenarios are generally different. Our conceptual model formalizes
this disparity.

Figure 2 illustrates the conceptual model. The large rectangle has area A,
is a representative region of the flow. Within the rectangle are sub-regions
containing uniform concentrations of scalar A (light gray circle) and scalar B
(dark gray circle); a portion of the scalar fields overlap (black region). The
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Fig. 2. Idealized filaments of two scalars (shaded regions) in a representative region
of the flow (white rectangle).

concentrations C'y and Cg are both unity by assumption, and the area of each
circular scalar region is A.. We now define two area-based ratios

Ts and 1, = — (5)
where A, is the area of the black overlap region. Note that both r, and r,
are constrained by definition to be between 0 and 1. Furthermore, even if
rs < 1, r, can still have a value anywhere in the range 0 < r, < 1. Using
these assumptions and definitions, the spatially averaged product of C'y and
Cp (based on the actual, non-averaged scalar structure) is

1
cgoB::Z—t/cgcgdA (6)
TAT

Likewise, it is possible to calculate a concentration product that is based solely
on the spatially averaged values of C'y and Cp, namely

— — 1
@%:E/@M/%M (7)
Ay

A,

Using Eqgs. 4, 6, and 7, the true average concentration product C',Cp can
be compared to the product of the average concentrations C'4Cg. A simple
analysis leads to the following ratio:

C1Cp - UAUB + 4 Cp _To (8)
UAUB B UAUB B Ts

When the ratio is equal to unity, the true scalar product equals that calculated
based on the average concentrations (since ¢,z = 0, which occurs only when
ro = rs). When the ratio is greater than unity (c,cp > 0, with r, > ),
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Fig. 3. Contours of the ratio C4Cp /@UB calculated using Eq. 8. Contours are less
than unity in the shaded region.

the true product exceeds the product based on the averaged concentrations
(and vice-versa when the ratio is less than unity). The equation indicates that
the ratio (and hence the disparity between the two averages) increases as r,
becomes large relative to r,. Contours of the ratio defined in Eq. 8 are plotted
in Fig. 3. As an example, if scalar A and scalar B regions each comprise 2%
of the representative rectangle (r;=0.02), and 20% of the two regions overlap
(r,=0.2), then the true average concentration product is 10 times larger than
that predicted based on averaged concentrations. The shaded region (r, < r;)
corresponds to cases where the ratio is less than unity, in which case the
true average concentration product is less than the product of the average
concentrations.

The conceptual model does not provide any insight into the expected val-
ues of ry and r,, nor does it suggest how physical processes might influence
these parameters. The conceptual model simply quantifies that under most
circumstances (r, # r5), the true concentration product (and hence the true
fertilization rate) cannot be predicted based on average concentrations.

4 Analytical Modeling of Diffusive Scalar Overlap

Molecular diffusion is necessary in order for any overlap (i.e., A, > 0 in Fig. 2)
to exist between two scalars that have non-overlapping initial conditions (A, =
0). From a process-based approach, therefore, it is logical to examine the
effect of pure diffusion (i.e. no stirring) on the temporal evolution of scalar
coalescence. This approach also corresponds to a purely time-averaged view
of turbulent mixing, where the effect of turbulence is modeled by an effective
diffusivity. We consider two scalar point sources, initially located a distance
L apart. Each source has a scalar mass M, with one source being scalar A,

10
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Fig. 4. Evolution of non-dimensional scalar overlap for pure diffusion of two scalar
sources.

and the other scalar B; both have the same diffusivity D (either molecular
or turbulent). As time progresses, the mass at each point diffuses radially
outward, and overlap between the two scalars develops (i.e. C4Cp becomes
non-zero). The analytical solution for 2-D diffusion of a scalar mass M initially
located at x; = &, x9 = & is (Fischer et al., 1979)

M - [_ (21 = &) + (29 — &)?

C(t) (9)

~4xDt " 4D1
We define the total concentration overlap as

o) = / CaCly dA (10)
Note that ©(t) is a measure of the potential fertilization rate at a given time.

Equations 9 and 10 can be used to form the following analytical expression
for the temporal evolution of the product of two diffusive concentration fields:

M? L?
Op(t) = st &P l—ﬁ] (11)

The maximum value of Eq. 11, and the time and which the maximum occurs,
can be used to form the following non-dimensional © and ¢ variables:

L? 8D
20 and t'= "t (12)

O =r 12

These variables can then be used rewrite Eq. 11 in a non-dimensional form as

(&

05 = L exp [——} (13)

A plot of ©7F, versus t* is shown in Fig. 4. Initially, the two sources are distinct,
and there is no overlap. As the scalars diffuse, they begin to overlap, and
©7% becomes non-zero. As the diffusion continues, there is a larger and larger

11



region with overlapping scalars, but the diffusion is also causing all of the large
concentrations to decrease in magnitude. Thus, ©7}, reaches a peak value, and
then decays monotonically. In the limit as t* — oo, the spatial extent of the
two scalar fields becomes indistinguishable, but the concentrations have also
everywhere tended to zero, resulting in ©%, = 0. From an broadcast spawning
standpoint, this result suggests that diffusion can have competing effects on
successful fertilization. Diffusion is required to bring the scalars together, and
promotes fertilization for t* < 1. However, diffusion dilutes the large, central
concentrations, and, for t* > 1, hinders fertilization.

To some extent, many of these same arguments could be extended to an effec-
tive turbulent diffusivity for turbulent flows. However, turbulence imposes a
new, and critical, phenomenon into the process: instantaneous stirring action.
We now use a simple numerical model to investigate the effect of stirring via
scalar-vortex interactions.

5 Numerical Modeling of Scalar-Vortex Interactions

We developed a simple numerical model to investigate interactions between
discrete vortices and the coalescence of two scalars such as egg and sperm.
The models use particle tracking techniques to follow the paths of individual
egg and sperm in idealized flows consisting of one or more free vortex. Parti-
cle tracking methods have been widely used in previous studies (Awaji, 1982;
Dimou and Adams, 1993; Scott, 1997), and have been shown to offer computa-
tional efficiency and simplicity unavailable in finite-element or finite-difference
alternatives (Tompson and Gelhar, 1990). In the particle tracking method, the
two-dimensional position of a particle 7, is determined from its previous posi-
tion Z,_; using the updating relationship (Kinzelbach, 1988; Hathhorn, 1997)

Ty = Ty 4 U(Zu_) At + ZV2DAL (14)

where (%, _1) is the local velocity vector at position @, _1, D is the diffusivity,
and Z is a two-dimensional vector of random numbers with mean magnitude
zero and variance one. Two advantages of the random-walk particle tracking
method are that it does not exhibit any numerical dispersion in the classical
sense (Kinzelbach, 1988) and that computational effort is proportional to the
number of particles and concentrated into areas with the highest concentra-
tions (Dimou and Adams, 1993). For investigations of broadcast spawning,
the technique has the additional advantage in that it allows the positions of
discrete particles to be tracked individually.

Real turbulence consists of three-dimensional vortical motions that strain in-
troduced contaminants into filaments that ultimately are diluted by molecular

12
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Fig. 5. Velocity vectors for an ideal vortex (Eq. 15).

diffusion. In our model, we use highly simplified, idealized vortex flows in two
dimensions to investigate the role of vortical motion on the coalescence of egg
and sperm at intermediate timescales. Our model uses one or more ideal vor-
tices as an idealized flow that mimics the behavior in the outer regions of real
vortices found in turbulence. The ideal vortex flowfield is given by

a
= — 1
up = - (15)

where a is a constant that determine the rotational strength of the vortex (i.e.,
the total circulation). Figure 5 shows a vector plot of the two-dimensional
velocity distribution for a single ideal vortex located at the origin. Note that
an ideal vortex has no intrinsic lengthscale - the vortex is completely defined
by the rotational strength parameter a. The ideal vortex also does not have
an intrinsic timescale, although one can be calculated for a given radius. The
rotational frequency at r = R is given by

a

T OnR? (16)

WR

which serves as an (inverse) timescale for the vortex in the vicinity of r = R.
This timescale is used in a subsequent dimensional analysis. The first case
modeled contains a single vortex, and the second case contains three interact-
ing vortices. In each of the two cases, separate parcels of egg and sperm are
placed in the flow-field and allowed to advect and evolve over time. For sim-
plicity, we do not include a fertilization kinetics model - that is, the particles
are conservative. Our objective is simply to identify turbulent mechanisms
that influence the coalescence of egg and sperm.

13
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Fig. 6. Single vortex model initial condition. Vortex center is indicated by the X
symbol. Points “A” and “B” indicate the initial locations of scalars A and B.

5.1 Single Vortex Case

The first case utilizes a flow consisting of a single, free vortex centered on
the origin. Figure 6 shows the geometry of the initial condition. Note that
the view in Fig. 6 is the same as Fig. 5. Points A and B indicate the initial
locations of the two scalar masses, each located a distance L/2 from the vortex
center, which is indicated by the x symbol. The two scalars always start
out on opposite sides of the vortex center. For the numerical simulations,
a total of 80,000 particles are used, with N, = 40,000 particles used for
each of the two scalars A and B. Each particle is assumed to have a scalar
mass of M/N,, so that each scalar has a total mass of M. Particle locations
for t > 0 are determined by numerically integrating Eqs. 14 and 15 over
time. Concentration maps are calculated from the resulting particle locations
by imposing a 100 x 100 grid over the domain and grouping particles into
discrete two-dimensional bins. Separate concentration maps are made for each
scalar, and these concentration maps are multiplied and integrated according
to Eq. 10 to calculate © at each time step.

The simple geometry and flowfield of our simulation lends itself to a dimen-
sional analysis that predicts the relevant non-dimensional parameters which
control the magnitude of ©. The assumed functionality

©=f(L,D,Muwt) (17)

leads directly to a non-dimensional functional relationship

7T€L2@ _ <8Dt wL2> (18)

M? L2’ 8D
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(a) t*=0.02 (b) t*#=0.25 (c) t*=0.50

(d) r#=0.75 (e) r*=10 (f)y r*=2.0

Fig. 7. Particle evolution in the single vortex model for P=0 (pure diffusion).

Using the notation introduced in Eq. 12, this functionality becomes
0" = f(t",P) (19)

where P = wL?/8D. Thus, the nondimensional scalar overlap in our simple
formulation will depend only on t* and P. The parameter t* is a ratio of the
elapsed simulation time to the time scale required for either scalar to diffuse
a distance L/2. The parameter P is a ratio of this same diffusive time to the
time required for one complete vortex revolution at r = L/2.

To groundtruth the diffusion implementation in the model, we first ran a
simulation with no vortex velocities (i.e., a = 0 in Eq. 15). This corresponds
to the pure diffusion case described by the analytical model in section 4, and
to the limiting case P = 0 in our dimensional analysis. Figure 7 shows a time
series of the spatial evolution of particles of scalars A (red) and B (blue). Only
a representative portion of the total number of particles used in the simulation
are plotted. In the first frame (t* = 0.02), the particles have diffused only a
short distance from their initial locations. In subsequent frames, the particles
further diffuse and intermingle. Values of the non-dimensional scalar overlap
©* for P = 0 calculated from the model are shown in Fig. 9 (circle symbols).
The model results are in agreement with the analytical prediction for the pure
diffusive case (Eq. 13), which is also shown in the figure (solid line).

We now add the effect of the vortex-scalar interaction by setting P > 0.
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(a) t*=0.002 (b) t*=0.025 (c) t*=0.050

(d) r#=0.075 (e) r¥=0.10 ) r*=0.20

Fig. 8. Particle evolution in the single vortex model for P=10 (diffusion and stirring).
Time frames shown are ten times sooner than those shown in Fig. 7.

Figure 8 shows the evolution of particle positions for the case P = 10. This
means that the vortex will have rotated 10 times (at » = R) by time t* =
1, at which point a typical particle will have diffused a distance L/2. The
“interesting” physics now occur at much shorter values of t*, relative to the
P = 0 case. This is due to the inclusion of the new (faster) timescale w.
Thus, the time series in Fig. 8 is shown at time intervals that are 10 times
shorter than those used in Fig. 7. The images also show the formation of scalar
filaments by the radial shear in the circumferential velocity. These filaments
are brought rapidly (relative to the diffusion timescale) into close proximity,
at which point diffusion is able to bridge the short gap to produce the scalar
overlap. Resulting values of the non-dimensional scalar overlap ©* for P = 10
as well as several other P values are shown in Fig. 9. As P increases, the peak
scalar overlap gets larger, and it comes sooner in time. Both of these trends
indicate an increase in fertilization success as P increases.

The addition of the structured vortex field (P > 0) results in a higher scalar
overlap (and hence fertilization rate) than would result from pure diffusion
(whether the diffusion was molecular or turbulent). Thus, the scalar overlap
resulting from the vortex flow is larger than that predicted by a time-averaged
model that used an equivalent turbulent diffusivity to represent the turbulence,
regardless of the magnitude of the diffusivity.
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Fig. 9. Nondimensional scalar overlap ©* vs t* with E=0 for various values of P.

©* continues to grow larger as P is increased. This result does not rely on
the symmetric initial condition used in our model; in fact, slightly higher ©*
values are achieved when a small amount of eccentricity is added to the initial
condition. As t* — 00, the structure of the initial scalar condition is lost, and
the problem degenerates (for all values of P) back to the pure diffusion case.
The large-time behavior of the scalar overlap for the pure diffusion case can
be found by taking the time limit of Eq. 13, which gives

05 = (20)
t*
Equation 20 is shown along with the model results in Fig. 9, and is seen to
represent the upper bound of the large-time overlap behavior. The shaded
areas in the figure delineate the envelope of possible results for our single-
vortex model.

5.2 Three Vortex Case

We extended the configuration of the numerical model to include the interact-
ing effect of more than one vortex. The results in this section are qualitative in
nature, and serve to illustrate the increased complexity that occurs in chaotic
flows. For simplicity, three equal-strength, same-sign, ideal vortices are used,
and molecular diffusion is neglected (D = 0, so that P = co). Although this
choice removes all timescales from the problem, it allows the effect of stirring
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Fig. 10. Evolution of parcels of egg (red) and sperm (blue) placed in the vicinity of
three ideal vortices, all with counter-clockwise rotation. The center of each vortex
is shown by a x symbol. Individual frames are spaced equally in time.

to be examined in a pure form. The three vortices interact with one another
through mutual induction (Panton, 1996), and the resulting flow-field exhibits
chaotic behavior (Aref, 1983). The initial condition and subsequent particle
locations are shown as a sequential series of frames in Fig. 10. The initial egg
(red) and sperm (blue) parcel locations, as well as the initial vortex locations
(x symbols) are shown in frame (a). In subsequent frames, the egg and sperm
particles, as well as the vortices themselves, move in response to the com-
bined effect of the three vortices. Once again, the strain rates associated with
the vortices stir the egg and sperm into long filaments (b, ¢). Although the
details are more complex, processes similar to those seen in the first single-
vortex model are evident. The coherent velocity structures cause filaments of
egg and sperm to coalesce with remarkable efficiency (d, e, f). Since D = 0
in the simulation, the filaments never technically overlap, but the addition
of even a small amount of diffusivity would allow efficient overlap to rapidly
occur. The spatial coherence of the velocity field generates spatial correla-
tions between the egg and sperm concentration fields even though the egg and
sperm particles have no knowledge of one another. Because of the non-linear
nature of the fertilization rate kC.Cy, these overlapping regions of high egg
and sperm concentrations correspond to regions of extremely high fertiliza-
tion rates. However, due to the chaotic nature of the setup, small changes
in the initial condition produce very different results, and not all simulations
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produce coalescence that is as dramatic as that shown here. This work needs
to be extended further before the net quantitative effect of the turbulence is
known.

6 Discussion

6.1 Physical and biological context of the models

The analytical and numerical models used in this study are intentionally sim-
ple representations of a complex process involving coupled physical-biological
phenomena. The goal of the study is to use simple models to reveal basic
physical processes that control the efficiency of broadcast spawning. The re-
sults of the investigation are qualitative rather than quantitative, and suggest
directions for future research rather than providing definitive explanations. It
is therefore useful to first discuss the models and their simplifications in the
context of their real physical and biological counterparts.

Turbulence is notoriously complex, but consists at the most basic level of a
superposition of simple vortical motions. The vortex formulations used in this
study are idealized, but share many of the characteristics of real vortices, es-
pecially in their capacity to stir scalars into filaments. Although the simple
formulations do not capture the three-dimensional structure and temporal evo-
lution of vortical motions in real turbulence, they do capture the essence of the
motion at local scales. The coalescence processes observed in the simple mod-
els are certainly present in real turbulence, albeit to a possibly greater or lesser
extent. Vortex stretching, which is intrinsic to three-dimensional turbulence, is
an example of a process that is potentially important, but not modeled in our
two-dimensional pseudo-turbulence. Future models should also investigate the
effect of more than three vortices, as well as vortices with unequal strengths
and rotational sense.

The particle-tracking approach used in the numerical models is particularly
well suited for this study. The model computes the paths of individual par-
ticles based solely on advection by the flow and molecular diffusion. These
two mechanisms control the motion of egg and sperm at all but the small-
est scales, where sperm motility may play a role. Sperm motility and taxis
would produce an increase in the effective diffusivity of the sperm, but with a
selective direction (towards nearby eggs). This effect seems likely to enhance
the coalescence processes observed in our study. It is important to note that
our study does not incorporate any reaction kinetics model. That is, there is
no actual fertilization, and there is no post-fertilization removal of viable egg
or sperm from the system. This simplification is a shortcoming only in the
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sense that we do not end up quantifying the resulting fertilization rates. We
do succeed in demonstrating the physical processes that bring the gametes
together in concentrated filaments, and provide analytical evidence that this
would result in greatly enhanced fertilization rates relative to a well-mixed,
time-averaged system. A move towards incorporating reaction kinetics requires
an understanding of the relationship between the timescales of the biological
and physical aspects of coupled process. A qualitative discussion of the rele-
vant timescales in the physical processes, and the relationship to the biological
processes, is given in the following section.

6.2  From stirring to mixing: The relevance of timescales

The simple models developed in this study reveal that the physical stirring
and mixing process progresses through several temporal regimes, each with
qualitatively distinct implications for the egg and sperm concentration fields.
The timescales of these regimes, and the relationship between these timescales
and those in the biological process, are critical to the overall effectiveness of
broadcast spawning. The importance of timescales is particularly well illus-
trated by Eq. 18, which formulates our simple model in terms of the timescales
associated with diffusion and straining.

The first temporal regime occurs at timescales that are short relative to the
timescale required for the turbulence to produce significant local dilution of
egg and sperm (t* << 1). In this regime, parcels of recently extruded egg and
sperm are stretched and strained by local velocity gradients into the beginnings
of filaments. Concentrations within the parcels remain relatively unchanged
during this initial stirring. Frames (a) and (b) in Figs. 8 and 10 are repre-
sentative of this initial regime. The second regime occurs at what we will call
intermediate timescales (t* < 1). In this regime, the egg and sperm parcels
are stirred into long filaments, spreading them out over significant regions of
space. Molecular diffusion has the opportunity to produce some dilution in the
filaments due to the greatly enhanced interfacial area between the filaments
and the surrounding fluid. However, the concentrations remain quite high in
the filaments (and it is only in a spatial or temporal average of the flow that
significant dilutions are seen). The unique feature of this regime is the coa-
lescence of egg and sperm filaments within coherent structures of the flow.
Frames (c¢), (d), and (e) are representative of these intermediate timescales.
The final regime occurs at timescales that are comparable or long relative to
the time required for true local dilution (¢* > 1). At this point, enough time
has passed so that the highly stirred filaments begin to lose their structure
due to smearing by molecular diffusion. The end-state of the turbulent mixing
process is a uniform dilution of egg and sperm over the entire local region
of interest. This end state corresponds exactly to the time-averaged concen-
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trations used in previous models of broadcast spawning. This final regime is
starting to form in Frame (f), but actually extends well beyond the limited
timespan of our models.

The intermediate timescales, as defined above, are critical to efficient fertiliza-
tion in the broadcast spawning process. At short timescales, there is little or
no coalescence of the egg and sperm. At long timescales, the situation degen-
erates into a well-mixed, highly-diluted set of egg and sperm concentrations
that, although overlapped, would produce low fertilization rates due to the
nonlinearity in the fertilization rate term. The intermediate timescales are
the most productive, because the concentrations are still relatively large, and
there is significant coalescence between the filaments.

What timescale ratios might be typical of real flow situations where broadcast
spawning is occurring? It is difficult to generalize, but, it is easy to choose a
range of realistic parameters that produce values of P that are significantly
larger than unity. In this case, the results shown in Fig. 9 suggest that the
scalar overlap (and hence the fertilization rate) would be much larger than
the overlap predicted by a time-averaged diffusion process (regardless of the
value of the turbulent diffusivity used). It is interesting to note that broad-
cast spawning species may have developed strategies to prolong the length of
the intermediate timescales so as to provide more time for fertilization before
severe dilution occurs. A strategy for extending the intermediate timescales
would have to hinder local dilution without disrupting the ability for filaments
to coalesce. Thomas (1994) measured the physical properties of gametes for
three sea urchin species and found all to be highly viscous, with the high-
est viscosity belonging to the species that lived in the most turbulent flow
regime. Thomas hypothesizes that the high viscosity might allow strands of
gametes to clump on solid surfaces, enhancing fertilization. In the context of
the present study, the viscous nature of the gamete strands could slow lo-
cal dilution without preventing filament coalescence, therefore providing an
enhancement mechanism within the flow itself.

The results of the single-vortex model (Fig. 9) suggest that as the amount
of stirring relative to diffusion (as parameterized by P) increases, so does
the maximum scalar overlap (which is considered a measure of the potential
fertilzation rate). The model therefore predicts that more stirring is always a
benefit to fertilization. However, the timescale at which the maximum occurs
also comes much more quickly as stirring is increased. This could impose
constraints from a biological perspective, therefore, since the timescales of the
biological fertilization process must also be considered. Also, the increase in

stirring can have other detrimental effects, such as gamete mortality associated
with shear (Mead and Denny, 1995).

The unifying theme of this study, and the most important result, is that the
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[9]

perception of complex processes like broadcast spawning (and therefore the
realism of models) depends largely on the spatial and temporal scales from
which the problem is viewed. This study suggests that the most important
timescales for broadcast spawning are those which are long relative to the time
required to stir egg and sperm parcels into filaments, but short compared to
those required to produce true local dilution of the concentrations. Any model
that is ultimately successful at predicting actual fertilization success rates will
have to identify, and be able to resolve, these timescales.
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