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Chapter 1

INTRODUCTION

In this introductory chapter, we shall start by reviewing the various modes of structural failure
and highlight the importance of fracture induced failure and contrast it with the limited coverage
given to fracture mechanics in Engineering Education. In the next section we will discuss some
examples of well known failures/accidents attributed to cracking. Then, using a simple example
we shall compare the failure load predicted from linear elastic fracture mechanics with the one
predicted by \classical" strength of materials. The next section will provide a brief panoramic
overview of the major developments in fracture mechanics. Finally, the chapter will conclude
with an outline of the lecture notes.

1.1 Modes of Failures

The fundamental requirement of any structure is that it should be designed to resist mechanical
failure through any (or a combination of) the following modes:

1. Elastic instability (buckling)

2. Large elastic deformation (jamming)

3. Gross plastic deformation (yielding)

4. Tensile instability (necking)

5. Fracture

Most of these failure modes are relatively well understood, and proper design procedures
have been developed to resist them. However, fractures occurring after earthquakes constitute
the major source of structural damage (Duga, Fisher, Buxbam, Rosen�eld, Buhr, Honton and
McMillan 1983), and are the least well understood.

In fact, fracture often has been overlooked as a potential mode of failure at the expense of
an overemphasis on strength. Such a simpli�cation is not new, and �nds a very similar analogy
in the critical load of a column. If column strength is based entirely on a strength criterion, an
unsafe design may result as instability (or buckling) is overlooked for slender members. Thus
failure curves for columns show a smooth transition in the failure mode from columns based on
gross section yielding to columns based on instability.

By analogy, a cracked structure can be designed on the sole basis of strength as long as the
crack size does not exceed a critical value. Should the crack size exceed this critical value, then
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Chapter 2

PRELIMINARY
CONSIDERATIONS

Needs some minor editing!

1 Whereas, ideally, an introductory course in Continuum Mechanics should be taken prior to a
fracture mechanics, this is seldom the case. Most often, students have had a graduate course in
Advanced Strength of Materials, which can only provide limited background to a solid fracture
mechanics course.

2 Accordingly, this preliminary chapter (mostly extracted from the author’s lecture notes in
Continuum Mechanics) will partially remedy for occasional de�ciencies and will be often refer-
enced.

3 It should be noted that most, but not all, of the material in this chapter will be subsequently
referenced.

2.1 Tensors

4 We now seek to generalize the concept of a vector by introducing the tensor (T), which
essentially exists to operate on vectors v to produce other vectors (or on tensors to produce
other tensors!). We designate this operation by T�v or simply Tv.

5 We hereby adopt the dyadic notation for tensors as linear vector operators

u = T�v or ui = Tijvj (2.1-a)

u = v�S where S = TT (2.1-b)

6 Whereas a tensor is essentially an operator on vectors (or other tensors), it is also a physical
quantity, independent of any particular coordinate system yet speci�ed most conveniently by
referring to an appropriate system of coordinates.

7 Tensors frequently arise as physical entities whose components are the coe�cients of a linear
relationship between vectors.
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� A fourth order tensor (such as Elastic constants) will have four free indices.

4. Derivatives of tensor with respect to xi is written as ; i. For example:

@�
@xi

= �;i
@vi

@xi
= vi;i

@vi

@xj
= vi;j

@Ti;j

@xk
= Ti;j;k (2.6)

14 Usefulness of the indicial notation is in presenting systems of equations in compact form.
For instance:

xi = cijzj (2.7)

this simple compacted equation, when expanded would yield:

x1 = c11z1 + c12z2 + c13z3

x2 = c21z1 + c22z2 + c23z3 (2.8-a)

x3 = c31z1 + c32z2 + c33z3

Similarly:
Aij = BipCjqDpq (2.9)

A11 = B11C11D11 +B11C12D12 +B12C11D21 +B12C12D22

A12 = B11C11D11 +B11C12D12 +B12C11D21 +B12C12D22

A21 = B21C11D11 +B21C12D12 +B22C11D21 +B22C12D22

A22 = B21C21D11 +B21C22D12 +B22C21D21 +B22C22D22 (2.10-a)

15 Using indicial notation, we may rewrite the de�nition of the dot product

a�b = aibi (2.11)

and of the cross product

a�b = "pqraqbrep (2.12)

we note that in the second equation, there is one free index p thus there are three equations,
there are two repeated (dummy) indices q and r, thus each equation has nine terms.

2.1.2 Tensor Operations

16 The sum of two (second order) tensors is simply de�ned as:

Sij = Tij + Uij (2.13)

Victor Saouma Fracture Mechanics
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2.1.3 Rotation of Axes

23 The rule for changing second order tensor components under rotation of axes goes as follow:

ui = aj
iuj From Eq. ??

= aj
iTjqvq From Eq. 2.1-a

= aj
iTjqa

q
pvp From Eq. ??

(2.20)

But we also have ui = T ipvp (again from Eq. 2.1-a) in the barred system, equating these two
expressions we obtain

T ip � (aj
ia

q
pTjq)vp = 0 (2.21)

hence

T ip = aj
ia

q
pTjq in Matrix Form [T ] = [A]T [T ][A]

Tjq = aj
ia

q
pT ip in Matrix Form [T ] = [A][T ][A]T

(2.22)

By extension, higher order tensors can be similarly transformed from one coordinate system to
another.

24 If we consider the 2D case, From Eq. ??

A =

2

6
4

cos� sin� 0
� sin� cos� 0

0 0 1

3

7
5 (2.23-a)

T =

2

6
4

Txx Txy 0
Txy Tyy 0
0 0 0

3

7
5 (2.23-b)

T = ATTA =

2

6
4

T xx T xy 0
T xy T yy 0
0 0 0

3

7
5 (2.23-c)

=

2

6
4

cos2 �Txx + sin2 �Tyy + sin 2�Txy
1
2(� sin 2�Txx + sin 2�Tyy + 2 cos 2�Txy 0

1
2(� sin 2�Txx + sin 2�Tyy + 2 cos 2�Txy sin2 �Txx + cos�(cos�Tyy � 2 sin�Txy 0

0 0 0

3

7
5

(2.23-d)

alternatively, using sin 2� = 2 sin� cos� and cos 2� = cos2 � � sin2 �, this last equation can
be rewritten as

8

><

>:

T xx

T yy

T xy

9

>=

>;

=

2

6
4

cos2 � sin2 � 2 sin � cos �
sin2 � cos2 � �2 sin � cos �

� sin � cos � cos � sin � cos2 � � sin2 �

3

7
5

8

><

>:

Txx

Tyy

Txy

9

>=

>;

(2.24)

2.1.4 Trace

25 The trace of a second-order tensor, denoted tr T is a scalar invariant function of the tensor
and is de�ned as

tr T � Tii (2.25)

Thus it is equal to the sum of the diagonal elements in a matrix.

Victor Saouma Fracture Mechanics
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2.2 Kinetics

2.2.1 Force, Traction and Stress Vectors

32 There are two kinds of forces in continuum mechanics

body forces: act on the elements of volume or mass inside the body, e.g. gravity, electromag-
netic �elds. dF = �bdV ol.

surface forces: are contact forces acting on the free body at its bounding surface. Those will
be de�ned in terms of force per unit area.

33 The surface force per unit area acting on an element dS is called traction or more accurately
stress vector. Z

S
tdS = i

Z

S
txdS + j

Z

S
tydS + k

Z

S
tzdS (2.34)

Most authors limit the term traction to an actual bounding surface of a body, and use the
term stress vector for an imaginary interior surface (even though the state of stress is a tensor
and not a vector).

34 The traction vectors on planes perpendicular to the coordinate axes are particularly useful.
When the vectors acting at a point on three such mutually perpendicular planes is given, the
stress vector at that point on any other arbitrarily inclined plane can be expressed in terms
of the �rst set of tractions.

35 A stress, Fig 2.1 is a second order cartesian tensor, �ij where the 1st subscript (i) refers to

2XD

X

3X

1

2

X

3

s

s

11s

s
13 21

s
23

s
22

s
31

s
32

s
33

12
D X 1

D X

Figure 2.1: Stress Components on an In�nitesimal Element

the direction of outward facing normal, and the second one (j) to the direction of component
force.

� = �ij =

2

6
4

�11 �12 �13

�21 �22 �23

�31 �32 �33

3

7
5 =

8

><

>:

t1

t2

t3

9

>=

>;

(2.35)
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Chapter 3

ELASTICITY BASED SOLUTIONS
FOR CRACK PROBLEMS

3.1 Introduction

1 This chapter will present mathematically rigorous derivations of some simple elasticity prob-
lems. All the theoretical basis required to follow those derivations have been covered in the
previous chapter. A summary of problems to be investigated is shown in Table 3.1.

3.2 Circular Hole, (Kirsch, 1898)

2 Analysing the in�nite plate under uniform tension with a circular hole of diameter a, and
subjected to a uniform stress �0, Fig. 3.1.

3 The peculiarity of this problem is that the far-�eld boundary conditions are better expressed
in cartesian coordinates, whereas the ones around the hole should be written in polar coordinate
system.

4 We will solve this problem by replacing the plate with a thick tube subjected to two di�erent
set of loads. The �rst one is a thick cylinder subjected to uniform radial pressure (solution of
which is well known from Strength of Materials), the second one is a thick cylinder subjected
to both radial and shear stresses which must be compatible with the traction applied on the
rectangular plate.

Problem Coordinate System Real/Complex Solution Date

Circular Hole Polar Real Kirsh 1898
Elliptical Hole Curvilinear Complex Inglis 1913
Crack Cartesian Complex Westergaard 1939
V Notch Polar Complex Willimas 1952
Dissimilar Materials Polar Complex Williams 1959
Anisotropic Materials Cartesian Complex Sih 1965

Table 3.1: Summary of Elasticity Based Problems Analysed
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1. Outer boundaries: around an in�nitely large circle of radius b inside a plate subjected to
uniform stress �0, the stresses in polar coordinates are obtained from Strength of Materials

"

�rr �r�

�r� ���

#

=

"

cos � � sin �
sin � cos �

# "

�0 0
0 0

# "

cos � � sin �
sin � cos �

#T

(3.7)

yielding (recalling that sin2 � = 1=2 sin 2�, and cos2 � = 1=2(1 + cos 2�)).

(�rr)r=b = �0 cos2 � =
1

2
�0(1 + cos 2�) (3.8-a)

(�r�)r=b =
1

2
�0 sin 2� (3.8-b)

(���)r=b =
�0

2
(1 � cos 2�) (3.8-c)

For reasons which will become apparent later, it is more convenient to decompose the
state of stress given by Eq. 3.8-a and 3.8-b, into state I and II:

(�rr)
I
r=b =

1

2
�0 (3.9-a)

(�r�)
I
r=b = 0 (3.9-b)

(�rr)
II
r=b =

1

2
�0 cos 2� � (3.9-c)

(�r�)
II
r=b =

1

2
�0 sin 2� � (3.9-d)

Where state I corresponds to a thick cylinder with external pressure applied on r = b
and of magnitude �0=2. Hence, only the last two equations will provide us with boundary
conditions.

2. Around the hole: the stresses should be equal to zero:

(�rr)r=a = 0 � (3.10-a)

(�r�)r=a = 0 � (3.10-b)

12 Upon substitution in Eq. 3.6 the four boundary conditions (Eq. 3.9-c, 3.9-d, 3.10-a, and
3.10-b) become

�
�

2A+
6C

b4
+

4D

b2

�

=
1

2
�0 (3.11-a)

�

2A+ 6Bb2 � 6C

b4
� 2D

b2

�

=
1

2
�0 (3.11-b)

�
�

2A+
6C

a4
+

4D

a2

�

= 0 (3.11-c)

�

2A+ 6Ba2 � 6C

a4
� 2D

a2

�

= 0 (3.11-d)
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66 Thus we can de�ne

an =
An

Bn
= �cos(�n � 1)�

cos(�n + 1)�
= �! sin(�n � 1)�

sin(�n + 1)�
(3.77-a)

bn =
Cn

Dn
= �sin(�n � 1)�

sin(�n + 1)�
= �! cos(�n � 1)�

cos(�n + 1)�
(3.77-b)

these ratios are equal to 1=3 and �1 respectively for � = � and � = 1=2. and

F (�) =
X

�

an

�

sin
3

2
� + sin

1

2
�

�

+ bn

�
1

3
cos

3

2
� + cos

1

2
�

��

(3.78)

67 The stresses are obtained by substituting

�rr =
X

�
bnp
r

�
5

4
cos

�

2
� 1

4
cos

3�

2

�

+
anp
r

�

�5

4
sin

�

2
+

3

4
sin

3�

2

��

(3.79-a)

��� =
X

�
bnp
r

�
3

4
cos

�

2
+

1

4
cos

3�

2

�

+
anp
r

�

�3

4
sin

�

2
� 3

4
sin

3�

2

��

(3.79-b)

�r� =
X

�
bnp
r

�
1

4
sin

�

2
+

1

4
sin

3�

2

�

+
anp
r

�
1

4
cos

�

2
+

3

4
cos

3�

2

��

(3.79-c)

68 These equations can be further simpli�ed into

�rr =
X

�
bnp
r

cos
�

2

�

1 + sin2 �

2

�

+
anp
r

�

�5

4
sin

�

2
+

3

4
sin

3�

2

��

(3.80-a)

��� =
X

�
bnp
r

cos
�

2

�

1 � sin2 �

2

�

+
anp
r

�

�3

4
sin

�

2
� 3

4
sin

3�

2

��

(3.80-b)

�r� =
X

�
bnp
r

sin
�

2
cos2

�

2
+
anp
r

�
1

4
cos

�

2
+

3

4
cos

3�

2

��

(3.80-c)

69 Finally, it can be shown that the displacements will be given by

u =
1

2�

X

Re
n

anr
�n [(�+ �n cos 2�+ cos 2�n�) cos�n� � �n cos(�n � 2)�]

�bnr�n [(�+ �n cos 2�� cos 2�n�) sin �n� � �n sin(�n � 2)�]
o

(3.81-a)

v =
1

2�

X

Re
n

anr
�n [(�� �n cos 2�� cos 2�n�) sin�n� + �n sin(�n � 2)�]

+bnr
�n [(�� �n cos 2�+ cos 2�n�) cos �n� + �n cos(�n � 2)�]

o

(3.81-b)

70 This solution can be compared with Westergaard’s solution by comparing Equations 3.55-a
and 3.56-a with Eq. 3.80-a; Eq. 3.55-b and 3.56-b with Eq. 3.80-b; and Eq. 3.55-c and 3.56-c
with Eq. 3.80-c for n = 1. From this we observe that

b1 = KIp
2�

a1 = KIIp
2�

(3.82)
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or F 0
1(�) = F 0

2(��) = 0

� Continuity of ��� at the interface, � = 0

A1 +B1 = A2 +B2 (3.87)

� Continuity of �r� at � = 0 along the interface

(�� 1)C1 + (�+ 1)D1 = �(�� 1)C2 � (�+ 1)D2 (3.88)

� Continuity of displacements (ur; u�) at the interface. Using the polar expression of the
displacements

ui
r =

1

2�i
r�f�(�+ 1)Fi(�) + 4(1 � �i)[Ci sin(�� 1)� +Ai cos(�� 1)�]g(3.89-a)

ui
� =

1

2�i
r�f�F 0

i (�) � 4(1 � �i)[Ci cos(�� 1)� �Ai sin(�� 1)�]g (3.89-b)

where � is the shear modulus, and �i � �i

1+�i

we obtain

1

2�1
[�(�+ 1)F1(0) + 4A1(1 � �1)] =

1

2�2
[�(�+ 1)F2(0) + 4A2(1 � �2)](3.90-a)

1

2�1

�
�F 0

1(0) � 4C1(1 � �1)
�

=
1

2�2

�
�F 0

2(0) � 4C2(1 � �2)
�

(3.90-b)

3.6.3 Homogeneous Equations

74 Applying those boundary conditions, will lead to 8 homogeneous linear equations (Eq. 3.85-a,
3.85-b, 3.86-b, 3.86-c, 3.87, 3.88, 3.90-a, 3.90-b) in terms of the 8 unknownsA1; B1; C1; D1; A2; B2; C2

and D2.

75 A nontrivial solution exists if the determinant of the 8 equations is equal to zero. This
determinant5 is equal to

cot2 �� +

�
2k(1 � �2) � 2(1 � �1) � (k � 1)

2k(1 � �2) + 2(1 � �1)

�2

= 0 (3.91)

where k = �1

�2
.

76 For the homogeneous case �1 = �2 and k = 1, the previous equation reduces to cot2 �� = 0
or sin2 �� = 0 thus we recover the same solution as the one of Eq. 3.73-b for a crack in one
material:

� =
n

2
n = 1; 2; 3; ::: (3.92)

Note that we exclude negative values of n to ensure �nite displacements as the origin is ap-
proached, and the lowest eigenvalue controls.

5The original paper states: ... After some algebraic simpli�cation...
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80 Thus, Eq. 3.91 �nally leadsto

Re(cot �� ) = 0 (3.100-a)

Im(cot �� ) = � � (3.100-b)

we thus have two equationswith two unknowns.

3.6.4 Solve for �

81 Let us solve those two equations. Two setsof solutions are possible:

1. If from 3.99-b tan � r � = 0 then

� r = n = 0; 1; 2; 3; ::: (3.101)

and accordingly from Eq. 3.100-b

� j = �
1
�

coth� 1 � (3.102)

2. Alternativ ely, from Eq. 3.100-acot � r � = 0 ) tan � r � = 1 and6:

� r =
2n + 1

2
n = 0; 1; 2; 3; ::: (3.103-a)

� j = �
1
�

tanh� 1 � (3.103-b)

=
1

2�
log

�
� + 1
� � 1

�
(3.103-c)

We note that for this case,� j ! 0 as � 1 ! � 2 and k ! 1 in � .

3.6.5 Near Crac k Tip Stresses

82 Now that we have solved for � , we need to derive expressionsfor the near crack tip stress
�eld. We rewrite Eq. 3.83 as

�( r ) = r � +1
| {z }
G(r )

F (� ; � ) (3.104)

we note that we no longer have two sets of functions, as the e�ect of dissimilar materials has
beenaccounted for and is embeddedin � .

83 The stresseswill be given by Eq. ??

� r r =
1
r 2

@2�
@� 2 +

1
r

@�
@r

= r � 2G(r )F 00(� ) + r � 1G0(r )F (� ) (3.105-a)

� � � =
@2�
@r 2 = G00(r )F (� ) (3.105-b)

� r � =
1
r 2

@�
@�

�
1
r

@2�
@r @�

= r � 2G(r )F 0(� ) � r � 1G0(r )F 0(� ) (3.105-c)

6Recall that tanh � 1 x = 1
2 log 1+ x

1� x
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