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PREFACE

One of the most fundamental question that an Engineer has to ask him/herself is what is how does
it deform, and when does it break. Ultimately, it its the answer to those two questions which would
provide us with not only a proper safety assesment of a structure, but also how to properly design it.
Ironically, botht he ACI and the AISC codes are based on limit state design, yet practically all design
analyses are linear and elastic. On the other hand, the Engineer is often confronted with the task of
determining the ultimate load carying capacity of a structure or to assess its progressive degradation (in
the ontect of a forensic study, or the rehabilitation, or life extension of an existing structure). In those
particular situations, the Engineer should be capable of going beyond the simple linear elastic analysis
investigation.

Whereas the Finite Element Method has proved to be a very powerful investigative tool, its proper
(and correct) usage in the context of non-linear analysis requires a solid and thorough understanding of
the fundamentals of Mechanics. Unfortunately, this is often forgotten as students rush into ever more
advanced FEM classes without a proper solid background in Mechanics.

In the humble opinion of the author, this understanding is best achieved in two stages. First, the
student should be exposed to the basic principles of Continuum Mechanics. Detailed coverage of (3D)
Stress, Strain, General Principles, and Constitutive Relations is essential. In here we shall go from the
general to the speci�c.

Then material models should be studied. Plasticity will provide a framework from where to determine
the ultimate strength, Fracture Mechanics a framework to check both strength and stability of 
awed
structures, and �nally Damage Mechanics will provide a framework to assess sti�ness degradation under
increased load.

The course was originally o�ered to second year undergraduate Materials Science students at the
Swiss Institute of Technology during the author’s sabbatical leave in French. The notes were developed
with the following objectives in mind. First they must be complete and rigorous. At any time, a student
should be able to trace back the development of an equation. Furthermore, by going through all the
derivations, the student would understand the limitations and assumptions behind every model. Finally,
the rigor adopted in the coverage of the subject should serve as an example to the students of the
rigor expected from them in solving other scienti�c or engineering problems. This last aspect is often
forgotten.

The notes are broken down into a very hierarchical format. Each concept is broken down into a small
section (a byte). This should not only facilitate comprehension, but also dialogue among the students
or with the instructor.

Whenever necessary, Mathematical preliminaries are introduced to make sure that the student is
equipped with the appropriate tools. Illustrative problems are introduced whenever possible, and last
but not least problem set using Mathematica is given in the Appendix.

The author has no illusion as to the completeness or exactness of all these set of notes. They were
entirely developed during a single academic year, and hence could greatly bene�t from a thorough review.
As such, corrections, criticisms and comments are welcome.

Victor E. Saouma
Boulder, January 2002
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Chapter 1

MATHEMATICAL
PRELIMINARIES; Part I Vectors
and Tensors

1 Physical laws should be independent of the position and orientation of the observer. For this reason,
physical laws are vector equations or tensor equations, since both vectors and tensors transform
from one coordinate system to another in such a way that if the law holds in one coordinate system, it
holds in any other coordinate system.

1.1 Indicial Notation

2 Whereas the Engineering notation may be the simplest and most intuitive one, it often leads to long
and repetitive equations. Alternatively, the tensor form will lead to shorter and more compact forms.

3 While working on general relativity, Einstein got tired of writing the summation symbol with its range
of summation below and above (such as

Pn=3
i=1 aijbi) and noted that most of the time the upper range

(n) was equal to the dimension of space (3 for us, 4 for him), and that when the summation involved a
product of two terms, the summation was over a repeated index (i in our example). Hence, he decided
that there is no need to include the summation sign

P
if there was repeated indices (i), and thus any

repeated index is a dummy index and is summed over the range 1 to 3. An index that is not repeated
is called free index and assumed to take a value from 1 to 3.

4 Hence, this so called indicial notation is also referred to Einstein’s notation.

5 The following rules de�ne indicial notation:

1. If there is one letter index, that index goes from i to n (range of the tensor). For instance:

ai = ai = b a1 a2 a3 c =

8

<

:

a1

a2

a3

9

=

;
i = 1; 3 (1.1)

assuming that n = 3.

2. A repeated index will take on all the values of its range, and the resulting tensors summed. For
instance:

a1ixi = a11x1 + a12x2 + a13x3 (1.2)

3. Tensor’s order:
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Figure 1.1: Direction Cosines

1.2 Vectors

8 A vector is a directed line segment which can denote a variety of quantities, such as position of point
with respect to another (position vector), a force, or a traction.

9 A vector may be de�ned with respect to a particular coordinate system by specifying the components
of the vector in that system. The choice of the coordinate system is arbitrary, but some are more suitable
than others (axes corresponding to the major direction of the object being analyzed).

10 The rectangular Cartesian coordinate system is the most often used one (others are the cylin-
drical, spherical or curvilinear systems). The rectangular system is often represented by three mutually
perpendicular axes Oxyz, with corresponding unit vector triad i; j;k (or e1; e2; e3) such that:

i�j = k; j�k = i; k�i = j; (1.12-a)

i�i = j�j = k�k = 1 (1.12-b)

i�j = j�k = k�i = 0 (1.12-c)

Such a set of base vectors constitutes an orthonormal basis.

11 An arbitrary vector v may be expressed by

v = vxi + vyj + vzk (1.13)

where

vx = v�i = v cos � (1.14-a)

vy = v�j = v cos� (1.14-b)

vz = v�k = v cos 
 (1.14-c)

are the projections of v onto the coordinate axes, Fig. 1.1.

12 The unit vector in the direction of v is given by

ev =
v

v
= cos�i + cos�j + cos 
k (1.15)

Victor Saouma Advanced Mechanics of Materials
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Chapter 2

KINETICS

Or How Forces are Transmitted

2.1 Force, Traction and Stress Vectors

1 There are two kinds of forces in continuum mechanics

Body forces: act on the elements of volume or mass inside the body, e.g. gravity, electromagnetic
�elds. dF = �bdVol.

Surface forces: are contact forces acting on the free body at its bounding surface. Those will be
de�ned in terms of force per unit area.

2 The surface force per unit area acting on an element dS is called traction or more accurately stress
vector1. Z

S

tdS = i

Z

S

txdS + j

Z

S

tydS + k

Z

S

tzdS (2.1)

3 The traction vectors on planes perpendicular to the coordinate axes are particularly useful. When the
vectors acting at a point on three such mutually perpendicular planes is given, the stress vector at
that point on any other arbitrarily inclined plane can be expressed in terms of the �rst set of tractions.

4 A stress, Fig 2.1 is a second order cartesian tensor, �ij where the 1st subscript (i) refers to the
direction of outward facing normal, and the second one (j) to the direction of component force.

� = �ij =

2

4

�11 �12 �13

�21 �22 �23

�31 �32 �33

3

5 =

8

<

:

t1

t2

t3

9

=

;
(2.2)

5 In fact the nine rectangular components �ij of � turn out to be the three sets of three vector components
(�11; �12; �13), (�21; �22; �23), (�31; �32; �33) which correspond to the three tractions t1; t2 and t3 which
are acting on the x1; x2 and x3 faces (It should be noted that those tractions are not necesarily normal
to the faces, and they can be decomposed into a normal and shear traction if need be). In other words,
stresses are nothing else than the components of tractions (stress vector), Fig. 2.2.

6 The state of stress at a point cannot be speci�ed entirely by a single vector with three components; it
requires the second-order tensor with all nine components.

1Most authors limit the term traction to an actual bounding surface of a body, and use the term stress vector for an
imaginary interior surface (even though the state of stress is a tensor and not a vector).
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2.2 Traction on an Arbitrary Plane; Cauchy’s Stress Tensor

7 Let us now consider the problem of determining the traction acting on the surface of an oblique plane
(characterized by its normal n) in terms of the known tractions normal to the three principal axis, t1; t2

and t3. This will be done through the so-called Cauchy’s tetrahedron shown in Fig. 2.3.

-t D S
*

1
1

VD * b*

r

X

X

X

3

1

2

O
h

n

B

n

C

A

-t
*

2 D
S2

*
-t
*

3
D S 3

t D S

N

Figure 2.3: Cauchy’s Tetrahedron

8 The components of the unit vector n are the direction cosines of its direction:

n1 = cos( 6 AON); n2 = cos( 6 BON); n3 = cos( 6 CON); (2.3)

The altitude ON , of length h is a leg of the three right triangles ANO, BNO and CNO with hy-
pothenuses OA;OB and OC. Hence

h = OAn1 = OBn2 = OCn3 (2.4)

9 The volume of the tetrahedron is one third the base times the altitude

�V =
1

3
h�S =

1

3
OA�S1 =

1

3
OB�S2 =

1

3
OC�S3 (2.5)

which when combined with the preceding equation yields

�S1 = �Sn1; �S2 = �Sn2; �S3 = �Sn3; (2.6)

or �Si = �Sni.

10 In Fig. 2.3 are also shown the average values of the body force and of the surface tractions (thus the
asterix). The negative sign appears because t�

i denotes the average traction on a surface whose outward
normal points in the negative xi direction. We seek to determine t�

n.

11 We invoke the momentum principle of a collection of particles (more about it later on) which
is postulated to apply to our idealized continuous medium. This principle states that

Victor Saouma Advanced Mechanics of Materials
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Chapter 3

MATHEMATICAL
PRELIMINARIES; Part II
VECTOR DIFFERENTIATION

3.1 Introduction

1 A �eld is a function de�ned over a continuous region. This includes, Scalar Field (such as tempera-
ture) g(x), Vector Field (such as gravity or magnetic) v(x), Fig. 3.1 or Tensor Field T(x).

2 We �rst introduce the di�erential vector operator \Nabla" denoted by r

r � @

@x
i +

@

@y
j +

@

@z
k (3.1)

3 We also note that there are as many ways to di�erentiate a vector �eld as there are ways of multiplying
vectors, the analogy being given by Table 3.1.

Multiplication Di�erentiation Tensor Order
u�v dot r�v divergence ?
u�v cross r�v curl -

u
 v tensor rv gradient 6

Table 3.1: Similarities Between Multiplication and Di�erentiation Operators

3.2 Derivative WRT to a Scalar

4 The derivative of a vector p(u) with respect to a scalar u, Fig. 3.2 is de�ned by

dp

du
� lim

�u!0

p(u + �u)� p(u)

�u
(3.2)

5 If p(u) is a position vector p(u) = x(u)i + y(u)j + z(u)k, then

dp

du
=

dx

du
i +

dy

du
j +

dz

du
k (3.3)
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is a vector along the tangent to the curve.

6 If u is the time t, then dp
dt is the velocity

7 yIn di�erential geometry, if we consider a curve C de�ned by the function p(u) then dp
du is a vector

tangent ot C, and if u is the curvilinear coordinate s measured from any point along the curve, then dp
ds

is a unit tangent vector to C T, Fig. 3.3. and we have the following relations

C

TN

B

Figure 3.3: Curvature of a Curve

dp

ds
= T

dT
ds = �N
B = T�N
� curvature
� = 1

� Radius of Curvature

(3.4)

we also note that p�
dp
ds = 0 if

�
�
�
dp
ds

�
�
� 6= 0.

Example 3-1: Tangent to a Curve

Determine the unit vector tangent to the curve: x = t2 + 1, y = 4t� 3, z = 2t2 � 6t for t = 2.
Solution:

dp

dt
=

d

dt

�
(t2 + 1)i + (4t� 3)j + (2t2 � 6t)k

�
= 2ti + 4j + (4t� 6)k (3.5-a)

�
�
�
�

dp

dt

�
�
�
�

=
p

(2t)2 + (4)2 + (4t� 6)2 (3.5-b)

T =
2ti + 4j + (4t� 6)k

p

(2t)2 + (4)2 + (4t� 6)2
(3.5-c)

=
4i + 4j + 2k

p

(4)2 + (4)2 + (2)2
=

2

3
i +

2

3
j +

1

3
k for t = 2 (3.5-d)

Mathematica solution is shown in Fig. 3.4
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Figure 3.6: Flux Through Area dA

the cylinder v�n. We note that the streamlines which are tangent to the boundary do not let any 
uid
out, while those normal to it let it out most e�ciently.

10 The divergence thus measure the rate of change of a vector �eld.

11 yThe de�nition is clearly independent of the shape of the solid region, however we can gain an insight
into the divergence by considering a rectangular parallelepiped with sides �x1, �x2, and �x3, and with
normal vectors pointing in the directions of the coordinate axies, Fig. 3.7. If we also consider the corner
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22
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Figure 3.7: In�nitesimal Element for the Evaluation of the Divergence

closest to the origin as located at x, then the contribution (from Eq. 3.6) of the two surfaces with normal
vectors e1 and �e1 is

lim
�x1;�x2;�x3!0

1

�x1�x2�x3

Z

�x2�x3

[v(x + �x1e1)�e1 + v(x)�(�e1)]dx2dx3 (3.7)

or

lim
�x1;�x2;�x3!0

1

�x2�x3

Z

�x2�x3

v(x + �x1e1)� v(x)

�x1
�e1dx2dx3 = lim

�x1!0

�v

�x1
�e1 (3.8-a)

=
@v

@x1
�e1 (3.8-b)

hence, we can generalize

div v(x) =
@v(x)

@xi
�ei (3.9)
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Chapter 4

KINEMATIC

Or on How Bodies Deform

4.1 Elementary De�nition of Strain

1 We begin our detailed coverage of strain by a simpli�ed and elementary set of de�nitions for the 1D
and 2D cases. Following this a mathematically rigorous derivation of the various expressions for strain
will follow.

4.1.1 Small and Finite Strains in 1D

2 We begin by considering an elementary case, an axial rod with initial lenght l0, and subjected to a
deformation �l into a �nal deformed length of l, Fig. 4.1.

l

0 lDl

Figure 4.1: Elongation of an Axial Rod

3 We seek to quantify the deformation of the rod and even though we only have 2 variables (l0 and l),
there are di�erent possibilities to introduce the notion of strain. We �rst de�ne the stretch of the rod
as

� � l

l0
(4.1)

This stretch is one in the undeformed case, and greater than one when the rod is elongated.

4 Using l0, l and � we next introduce four possible de�nitions of the strain in 1D:

Engineering Strain " � l�l0
l0

= �� 1

Natural Strain � � l�l0
l = 1� 1

�

Lagrangian Strain E � 1
2

�
l2�l20

l20

�

= 1
2 (�2 � 1)

Eulerian Strain E� � 1
2

�
l2�l20

l2

�

= 1
2

�
1� 1

�2

�

(4.2)

we note the strong analogy between the Lagrangian and the engineering strain on the one hand, and the
Eulerian and the natural strain on the other.
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4. Introduce the notion of a material deformation gradient and spatial deformation gradient

5. Introduce the notion of a material displacement gradient and spatial displacement gradi-
ent.

6. De�ne Cauchy’s and Green’s deformation tensors (in terms of (dX)2 and (dx)2 respectively.

7. Introduce the notion of strain tensor in terms of (dx)2 � (dX)2 as a measure of deformation
in terms of either spatial coordinates or in terms of displacements.

4.2.1 Position and Displacement Vectors; (x;X)

10 We consider in Fig. 4.3 the undeformed con�guration of a material continuum at time t = 0 together
with the deformed con�guration at coordinates for each con�guration.
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Figure 4.3: Position and Displacement Vectors

11 In the initial con�guration P0 has the position vector

X = X1I1 + X2I2 + X3I3 (4.5)

which is here expressed in terms of the material coordinates (X1; X2; X3).

12 In the deformed con�guration, the particle P0 has now moved to the new position P and has the
following position vector

x = x1i1 + x2i2 + x3i3 (4.6)

which is expressed in terms of the spatial coordinates.

13 Note certain similarity with Fig. 4.1, and Eq. 4.2-4.2 where the strains are de�ned in terms of l and
l0 rather than the displacement �l.

14 The relative orientation of the material axes (OX1X2X3) and the spatial axes (ox1x2x3) is speci�ed
through the direction cosines aX

x .

15 The displacement vector u connecting P0 and P is the displacement vector which can be expressed
in both the material or spatial coordinates

U = UKIK (4.7-a)

u = ukik (4.7-b)
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2. The position vector can be written in matrix form as

8

<

:

x1

x2

x3

9

=

;
=

2

4

1 0 0
0 1 A
0 A 1

3

5

8

<

:

X1

X2

X3

9

=

;
(4.11)

or upon inversion 8

<

:

X1

X2

X3

9

=

;
=

1

1�A2

2

4

1�A2 0 0
0 1 �A
0 �A 1

3

5

8

<

:

x1

x2

x3

9

=

;
(4.12)

that is X1 = x1, X2 = (x2 �Ax3)=(1�A2), and X3 = (x3 �Ax2)=(1�A2).

3. The displacement �eld can now be written in spatial coordinates as

u1 = x1 �X1 = 0 (4.13-a)

u2 = x2 �X2 =
A(x3 �Ax2)

1�A2
(4.13-b)

u3 = x3 �X3 =
A(x2 �Ax3)

a�A2
(4.13-c)

4. The displacements for the edge of the cube are determined as follows:

(a) L1: Edge X1 = X1; X2 = X3 = 0, u1 = u2 = u3 = 0

(b) L2:X1 = X3 = 0; X2 = X2, u1 = u2 = 0; u3 = AX2.

(c) L3: Edge X1 = X2 = 0; X3 = X3, u1 = u3 = 0; u2 = AX3, thus points along this edge are
displaced in the X2 direction proportionally to their distance from the origin.

5. For the circular surface, and by direct substitution of X2 = (x2 � Ax3)=(1 � A2), and X3 =
(x3 � Ax2)=(1� A2) in X2

2 + X2
3 = 1=(1� A2), the circular surface becomes the elliptical surface

(1 + A2)x2
2 � 4Ax2x3 + (1 + A2)x2

3 = (1 � A2) or for A = 1=2, 5x2
2 � 8x2x3 + 5x2

3 = 3 . When

expressed in its principal axes, X�
i (at �=4), it has the equation x�2

2 + 9x�2
3 = 3

X  +X  =4/3
2

2 2

3

3

33

X
2

X
2

X
1

1
L

2/

1/

X
X

X
2

3
3

* *

dX

dX

dX

3X
L

L

3
2

4.2.1.1 Lagrangian and Eulerian Descriptions; x(X; t);X(x; t)

17 When the continuum undergoes deformation (or 
ow), the particles in the continuum move along
various paths which can be expressed in either the material coordinates or in the spatial coordinates
system giving rise to two di�erent formulations:
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4.2.2 Gradients

4.2.2.1 Deformation

(xrX;Xrx)

21 Partial di�erentiation of Eq. 4.14 with respect to Xj produces the tensor @xi=@Xj which is the
material deformation gradient. In symbolic notation @xi=@Xj is represented by the dyadic

F � xrX =
@x

@X1
e1 +

@x

@X2
e2 +

@x

@X3
e3 =

@xi

@Xj

(4.21)

The matrix form of F is

F =

8

<

:

x1

x2

x3

9

=

;
b @

@X1

@
@X2

@
@X3

c =

2

6
4

@x1

@X1

@x1

@X2

@x1

@X3
@x2

@X1

@x2

@X2

@x2

@X3
@x3

@X1

@x3

@X2

@x3

@X3

3

7
5 =

�
@xi

@Xj

�

(4.22)

22 Similarly, di�erentiation of Eq. 4.15 with respect to xj produces the spatial deformation gradient

H = Xrx �
@X

@x1
e1 +

@X

@x2
e2 +

@X

@x3
e3 =

@Xi

@xj

(4.23)

The matrix form of H is

H =

8

<

:

X1

X2

X3

9

=

;
b @

@x1

@
@x2

@
@x3
c =

2

6
4

@X1

@x1

@X1

@x2

@X1

@x3
@X2

@x1

@X2

@x2

@X2

@x3
@X3

@x1

@X3

@x2

@X3

@x3

3

7
5 =

�
@Xi

@xj

�

(4.24)

23 The material and spatial deformation tensors are interrelated through the chain rule

@xi

@Xj

@Xj

@xk
=

@Xi

@xj

@xj

@Xk
= �ik (4.25)

and thus F�1 = H or

H = F�1 (4.26)

24 The deformation gradient characterizes the rate of change of deformation with respect to coordinates.
It re
ects the stretching and rotation of the domain in the in�nitesimal neighborhood at point x (or X).

25 The deformation gradient is often called a two point tensor because the basis ei 
 Ej has one leg
in the spatial (deformed), and the other in the material (undeformed) con�guration.

26 F is a tensor of order two which when operating on a unit tangent vector in the undeformed con�gu-
ration will produce a tangent vector in the deformed con�guration. Similarly H is a tensor of order two
which when operating on a unit tangent vector in the deformed con�guration will produce a tangent
vector in the undeformed con�guration.

4.2.2.1.1 y Change of Area Due to Deformation 27 In order to facilitate the derivation of the
Piola-Kircho� stress tensor later on, we need to derive an expression for the change in area due to
deformation.
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Given x1 = X1, x2 = �3X3, x3 = 2X2, �nd the deformation gradient F, the right stretch tensor U,
the rotation tensor R, and the left stretch tensor V.
Solution:

From Eq. 4.22

F =

2

6
4

@x1

@X1

@x1

@X2

@x1

@X3
@x2

@X1

@x2

@X2

@x2

@X3
@x3

@X1

@x3

@X2

@x3

@X3

3

7
5 =

2

4

1 0 0
0 0 �3
0 2 0

3

5 (4.125)

From Eq. 4.123

U2 = FT F =

2

4

1 0 0
0 0 2
0 �3 0

3

5

2

4

1 0 0
0 0 �3
0 2 0

3

5 =

2

4

1 0 0
0 4 0
0 0 9

3

5 (4.126)

thus

U =

2

4

1 0 0
0 2 0
0 0 3

3

5 (4.127)

From Eq. 4.123

R = FU�1 =

2

4

1 0 0
0 0 �3
0 2 0

3

5

2

4

1 0 0
0 1

2 0
0 0 1

3

3

5 =

2

4

1 0 0
0 0 �1
0 1 0

3

5 (4.128)

Finally, from Eq. 4.123

V = FRT =

2

4

1 0 0
0 0 �3
0 2 0

3

5

2

4

1 0 0
0 0 1
0 �1 0

3

5 =

2

4

1 0 0
0 3 0
0 0 2

3

5 (4.129)

Example 4-11: Polar Decomposition II

For the following deformation: x1 = �1X1, x2 = ��3X3, and x3 = �2X2, �nd the rotation tensor.
Solution:

[F] =

2

4

�1 0 0
0 0 ��3

0 �2 0

3

5 (4.130)

[U]
2

= [F]T [F] (4.131)

=

2

4

�1 0 0
0 0 �2

0 ��3 0

3

5

2

4

�1 0 0
0 0 ��3

0 �2 0

3

5 =

2

4

�2
1 0 0
0 �2

2 0
0 0 �2

3

3

5 (4.132)

[U] =

2

4

�1 0 0
0 �2 0
0 0 �3

3

5 (4.133)

[R] = [F][U]�1 =

2

4

�1 0 0
0 0 ��3

0 �2 0

3

5

2

4

1
�1

0 0

0 1
�2

0

0 0 1
�3

3

5 =

2

4

1 0 0
0 0 �1
0 1 0

3

5 (4.134)

Thus we note that R corresponds to a 90o rotation about the e1 axis.
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