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Notation: Direct and indicial tensor formulations
Fundamentals: Stress and Strain (Voigt format)

Scope: Linear FElasticity and Triazial Failure Criteria
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NOTATION
3-D Tensor Format:

1. Scalar Fields:

Temperature T'(x,t) = T'(x;,t) where i = 1,2, 3
2. Vector Fields:

Displacement u(x, t) = u;(x;,t) where t = 1,2, 3

3. 2nd Order Tensor Fields:
Stress o(x,t) = 0;j(x;,t) where 4,5 =1,2,3
Strain €(x,t) = €;;(z;,t) where i, 5 =1,2,3

Direct Notation:

011 012 013 €11 €12 €13
0'(33,t> = 0921 0922 093 and 6(;’15,t) = €21 €29 €93
| 031 032 033 | €31 €32 €33 |
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DIRECT TENSOR NOTATION

Elastic Stiffness: E(x,t) = Ejjn(zi, )
Elastic Stress-Strain Relation: 0 = E : € such that 0;; = E;jii€n

Matrix Format of 2-D Stress-Strain Relationship:

o11 Eri1 B | Bz B €11
02 | _ | Boann Booza| Liporz Liggor | | €22
012 E1o11 Er222| E212 B9 €12
| 091 | Foin Foroo| Fone Eoror | | €21

When €15 = €91 and 019 = 091, the stress-strain relationship may be compacted
into [3 X 3] matrix form since Fq1190 = Fq191 and Eio11 = Eo111:

011 Eii11 Erise | B €11
022 | = | E2911 9992 | Fooro €22
| 012 | Eionn Bagoo | Baoig | | 2612
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VOIGT NOTATION [1924]

exhibit 21 elastic moduli.

Linear Elastic Relationship: Triclinic materials

011 Eii11 Erioe Eriss| B Eres Eiis €11
022 Foo11 Boggs Fooss | Fiao1o Fio9o3 Foosy €29
033 Ess11 300 Essss| Essio Fssos Fisssg €33
012 Eio11 Erooo Eiass| Broro Eiges Eros 2€19
023 Eos11 Fosgoo Eosss| Faz1o Fogos FEassy 2€93
| 031 | B3 B30 Esi3z| B Esioz Bz | | 2€31
Summary of Voigt Notation:
o _ _ ¢
1. Stress: if Oi5 — Ojj then [0']6><1 = [0'11, 092,033,012, 093, 0'31]
Lo _ _ y
2. Strain: if €ij — €5 then [6]6><1 = [611, €292, €33, 2612, 2623, 2631]
.. . ot B
3. Elasticity Matrix: if E = E" or Ejji; = Ejy; then [Elgxe
: : . 1.1 TR
4. Elastic Strainenergy: W = e : E' : € = 5¢;;Ejjnien = 5/€]'[E] €]
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CLASSES OF ELASTIC SYMMETRY

1. Monoclinic Materials:
One plane of symmetry with 13 elastic moduli

Friinn Erioe Erizg| 0 0 FEiian
Foo11 Foggo Eigazs| 0 0 FEoosn
Fi311 Eszgo B33z 0 0 Es331
0 0 0 | Ei212 Ei223 0
0 0 0 | Eozia Bages 0
| B3 Esio Baizz) 0 0 FEsi31 |

2. Orthotropic Materials:
Two planes of symmetry with 9 elastic moduli

' Eiin B Fiss) O
Foo11 E9209 Eogzz| 0
Fiz11 Eszgo E3szz 0
0 0 0 |Eio9 O
0 0 0 0  FEozog O
0 0 0 0 0 Byy

0
0
0

oo O O

E] =
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CLASSES OF ELASTIC SYMMETRY

3. Transversely Isotropic Materials:

One additional plane of isotropy and 5 elastic moduli
Fr111 = Eo99, E1133 = Foo3s, E3131 = Fagos, Fro12 = 0.5[E1111 — E1199).

" F1in Fige Euss| 0O 0 0

FEoo11 Fagga Fiagszs| 0 0 0

B - Fs311 E3309 Faszz| 0 0 0

0 0 0 |Epe O 0

0 0 0 0  FEosog O
00 0 0 0 By

4. Cubic Materials
Two additional planes of isotropy and 3 elastic moduli
Er111 = Eaoos = Fsss3, Br1oo = Ei133 = Eooss, Es131 = Eages = Ei910.

" Fi1 Fige Euss| 0O 0
Eao11 Ea229 Eao33| 0 0
B - Fs311 E3309 Faszz| 0 0
0 0 0 |Epe O

0 0 0 0  FEog93 0
0 0 0 0 0 By

o) O O
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ISOTROPIC ELASTICITY

Infinite number of planes with equal material properties and 2 elastic moduli
Fri111 = Fagoy = Fasss, Erige = B3z = Faass,

Fi919 = E3131 = Fagoz = 0.5 F1111 — Ey99).

" Eiin B Fiss) 0 0 0
Foo11 B2 FEogzz| 0 0 0
B - FEis311 Eszgo B33z 0 0 0
0 0 0 |Epe O 0
0 0 0 0  FEosog O
0 0 0 0 0 By

Lamé format of isotropic elastic stress-strain relationship:
c=FE:e¢ where E=A1®1+2GI and o = A(tre)l + 2Ge

where A = (1_2VE)’E1+V) and G = 2(1€—V)
A +2G A A ]
AN A+2G A 0
A AN A+2G
[E] — G
0 G
L G -
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ISOTROPIC ELASTICITY

Elastic Compliance Relationship:

1 1
e=C:0 where C = —%I ®1+ ﬁI and €= —%(tra)l + Ted
Matrix Format of 3-D Strain-Stress Relationship:
[ Ch111 Chize Chizs| 0 0 0
Coo11 C22 Coa33| 0 0 0
_ C C C 0 0 0
B 1 3311 (3322 (3333
[O] - [E ] - 0 0 0 |Ciop O 0
0 0 0 0 Chgpos 0
0 0 0 0 0 Chs|
Poisson’s ratio: v = —665—“?[
1 —v —v 1
—v 1 —v 0
1 | —v —v 1
Cl=E ==
Cl=1E"] E 2[1 + v
0 2[1 + v]
i 2[1+v] |
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ISOTROPIC ELASTICITY

Volumetric-Deviatoric Split: € =e + %(tfre)l and 0 =8+ %(tra)l

(a) Volumetric Response:

(tra) = 3 K(tre)

where K = A + %G = 3(£2V)

(b) Deviatoric Response:

s=2Ge

where G =

31-2v) .- _  E
T B = 5

Canonical decoupling of strainenergy: W = %0 L€ = %K(tre)2 + Ge ;e

Constitutive Restrictions: 0 < F/ < oo and —1 < v < 0.5.
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FAILURE HYPOTHESES

1. Isotropic Strength Criteria: Fj,,(0) = Fio(R' -0 - R)
(a) Principal Format: Fj,, = Fjs(01,09,03) =0

(b) Invariant Format: Fj,, = Fis(I1, I3, I3), =0
where [; = (tro); I = 5(tro?); Iy = (tro”)

(c) Volumetric-Deviatoric Format: Fj,, = Fjs (11, J2, J3); = 0
where J; = 0; Jo = 5(trs?); J5 = 3(trs®) = det s

Examples: Rankine, Tresca, Mohr-Coulomb, von Mises, Drucker-Prager,

Willam-Warnke, Ottosen, Gudehus, Lade ..
2. Anisotropic Strength Criteria: F50(0 - P :0,q:0) =0
Foniso = F(011, 022, 033, 012, 093,031) = 0

Examples: Hill, Hoffman, Tsai-Wu ..
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GEOMETRIC FAILURE ENVELOPE

Haigh-Westergaard Format of 3-Invariant Format: Fj,, = Fis,(&,p,6), =0

- Hydrostatic Coordinate: £ = %(tra)

- Deviatoric Coordinate p = /s : 8
V27J3

- Angle of Similarity: cos30 = 5715
2

~10 r — concrete Failure Envelope

o LS o

v,

T g pomPessiOn ) richart -
6 - O Compression—-Balmer O o

-9 -10




TRIAXIAL FAILURE ENVELOPE FOR CONCRETE

5-Parameter Willam-Warnke Model [1975], 3-Pars. Menétrey-Willam [1995]
Triaxial Hardening-Softening Model: Kang-Willam [1999]

pr(f,e) pllﬁ—ﬁor
Fgapaefailz 7 - =0
( ) fC fc 51 T 50
Out-of Roundness: (6, ¢) = A(1=e?)cos?+(2e—1)°
. 7 2(1—62)0039+(26—1)\/4(1—62)c0829+562—4e

Failure Envelope of Triaxial Concrete Model Evolution of Deviatoric Section with &
. T T T T T T T T T 40 /f’
6.0 * High Conf. Extension Le
x High Conf. Compression ] -o,/f,
40 I O Uniaxial Tension
e Uniaxial Compression
Tensile Meridian + Vertex in Equitriaxial Tens.
20 r
: ’ g
PIFe 0.0 °
20 & o,ff
-4.0 Compressive Meridian
_ *—o,/f,

0 . I . I . I . I . I .
-100 -80 -6.0 -4.0 -2.0 0.0 2.0
Ef,



ALTERNATIVE FAILURE HYPOTHESES

2. Strain-Based Deformation Criteria: F'(€) = 0

Isotropic Case: Fi,(€) = Fiso(€1, €2,€3) = 0 or Figo(l1, Is,I3)c = 0 or
ESO<117 J27 ‘]3>6 = (

Examples: St. Venant ...

3. Energetic Failure Criteria: F(W) =0
Isotropic Case: Fyy (o :€) =0 or Fy, (trotre) =0or Fy, (s:€) =0

Examples: Beltrami, Huber ...
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CONCLUDING REMARKS

Main Lessons from Class #1:

Voigt Notation for Minor Symmetries:
Matriz Form of Elastic Stiffness and Compliance

Canonical Form of Linear Elastic Behavior:
Decoupling of Volumetric-Deviatoric K-G Modulz

Concrete Failure:
Strong Interaction of all Three Invariants
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