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In the first part of the paper an internal variable model is developed for concrete creep with the following features: 
creep strain is a linear functional of stress history; application or removal of stress produces instantaneous elastic response; 
upon removal of stress, creep deformations partially recover, approaching in the limit an irrecoverable part. The mechanism 
of each creep component is affected be temperature, humidity and loading age. 

In the second part the internal state variables are derived from concrete creep data with loading ages ranging from 7 
to 4560 days and temperatures from 20” to 95°C. Several aging models are examined for which the parameters are 
determined via least squares optimization. A root mean square criterion is used to assess the approximation. 

In the third part a step by step algorithm is developed for incremental solution of the time-dependent creep Process, 
noting that the governing equation of evolution lends itself to an economic computer solution without storing previous 
results. The one-dimensional constitutive statements are extended to multiaxial conditions and subsequently projected 
from the local level onto the structural level via finite elements (incremental initial load method). 

In the fourth part the creep behaviour of a prestressed concrete reactor vessel is examined for a loading history which 
includes hygrothermal effects due to drying and heating as well as prestress and cycling pressure. 

1. Introduction 

There is an extensive body of literature describing experimental results for creep of concrete 
subjected to prescribed histories of stress. Tests are typically conducted under conditions of un- 
iaxial compression at constant temperature and humidity. Under these conditions, and with the 
restriction that maximum stress in a given loading program does not exceed approximately 30%- 
50% of the nominal ultimate strength of the concrete, it appears that a linear, viscoelastic material 
model adequately predicts creep behaviour. Typical results can be found in work reported in [ I- 

61. 
The increasing importance of concrete as a material for reactor containment vessels has necessi- 

tated widening the scope of experimental and modelling studies beyond that noted above. In 
particular there has arisen the need for predicting creep response under non-isothermal conditions, 
multiaxial stress states and non-uniform moisture content. In addition, the effect of aging in creep 
response, primarily as a result of the accelerative effect of high temperatures under operating 
conditions, has become an important factor [ 7-91. 

In the first instance, which we shall refer to as mechanical creep, mathematical structure of the 
linear viscoelastic model (non-a~ng) is un~biguous; i.e. such mechanical creep models are always 
expressible by a hereditary (superposition) integral. However, when aging is considered, this result 
is largely a matter of formal interest. When one passes to the practical questions of parameterizing 
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the kernels of these hereditary integrals (which are the so-called creep functions of the material) 
and calculating the optimal values of the parameters for best fit of prescribed data, there immediately 
arise differences of opinion as to what constitutes the “best” parameterization, what experiments 
should be performed to determine the parameters and what numerical schemes are “best” for 
calculation. The abundance of published work in this area is adequate testimony to the state-of- 
the art of these questions and the resulting absence of any consensus among researchers. For 
representative viewpoints see [ IO- 131. 

A much more difficult problem of modelling occurs when concrete is simultaneously subjected 
to histories of stress, temperature and humidity, especially when aging is of practical importance. 
To construct models for such conditions on a purely empirical basis is virtually impossible, and even 
when satisfactory agreement of hypothetical model with a given data set is achieved, its predictive 
value remains unknown. The difficulty in constructing constitutive models for creep stems from 
the fact that while creep strain as a good approximation may be assumed to depend linearly on 
stress history, the dependence on temperature, moisture history and age of loading is very non- 
linear. Consequently, in addition to the previously described difficulties associated with the defini- 
tion of mechanical creep functions, one must face the fact that there is no general mathematical 
structure for thermomechanical creep comparable to that available for linear, isothermal viscoelastic- 
ity. Accordingly, the modelling problem must be imbedded as strongly as possible in an appropriate 
theoretical framework which incorporates at least the following qualities: 

(1) adequacy of the constitutive postulates must be supported by qualitative testing with ex- 

periments, 
(2) structure of the theory should permit a systematic method for improving the flexibility of 

the model through parameterization, 
(3) the resulting constitutive model for creep, when incorporated into a stress analysis program 

for complex structures, should lend itself to economically feasible computational algorithms. 
The objectives of this paper are directly related to these matters. Considerations are limited to 

plain concrete subjected to prescribed histories of stress, temperature and humidity. We wish to 
develop a creep model capable of exhibiting the following features: 

creep strain is a linear functional of stress history, or in other terms superposition (modified by 
temperature, humidity and aging) of stress effects is possible; instantaneous application or removal 
of stress produces corresponding instantaneous (elastic) strain; upon removal of stress, creep 
recovery (“delayed elasticity”) occurs, reaching a limiting value called irrecoverable creep. The 
mechanisms of each of the above qualitative creep strains will of course be affected by tempera- 
ture, humidity and aging. 
In section 2 we propose as a point of departure a constitutive equation resulting from non-equi- 

librium thermodynamics based on internal variables. This approach has already been used with some 
successs to provide the general structure of constitutive equations for viscoelasticity and visco- 
plasticity. Representative summaries of recent work can be found in [ 14- 171. First, an internal 
variable model is developed for non-aging conditions at reference temperature and moisture content 
based on a first order law of evolution, subsequently extended to account for aging as well as tem- 
perature and humidity. 

In section 3 the internal variable parameters are identified from concrete creep data with loading 
ages raging from 7 to 4560 days and temperatures from 20” to 95°C. Several degenerate classes of 
the unified model are studied introducing different assumptions with regard to aging of the creep 
components. Least square optimization is applied to obtain the “best” approximation within each 
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class of aging model. The results are assessed with a root mean square error criterion to quantify the 
comparison. 

In section 4 an incremental algorithm is developed for the numerical solution of complex creep 
problems with realistic loading histories. To this end, the internal variable model is recast into a 
recursive algorithm in which history effects of stress, temperature and moisture are fully retained 
without storing previous results. The local unaxial stress-strain statement is extended to three- 
dimensional conditions and then projected onto the structural level via finite elements (incremental 
initial load method). As a result the numerical solution method involves repeated analysis of ad- 
ditional load cases without changing the initial stiffness properties whereby each load case corre- 
sponds to advancing the solution by a single time increment. 

In section 5 the internal state variable model is applied in the form of finite elements to analyse 
the long term behaviour of a prestressed concrete reactor vessel. The creep response is examined 
up to 3 years for a realistic loading history involving hygrothenual effects due to drying and heating 
as well as mechanical loading due to prestress and cycling pressure with long holding times. This 
example illustrates the internal variable model for concrete creep when applied to a rather complex 
engineering problem. 

2. Internal variable model for concrete creep 

In this section we will present a constitutive equation whose structure is determined from thermo- 
dynamics of solids based on internal variables. Inasmuch as our purpose here is one of application 
and illustration of various approaches to modelling creep, only the necessary results will be stated; 
the interested reader is referred to works such as [ 14 and 151 for additional details. For simplicity 
of presentation the development will be limited to uniaxial (one-dimensional) equations which are 
generalized in section 4 to multiaxial stress states. 

The starting point of our discussion is the concept of thermomechanical state of the material 
and an associated measure of energy. Here we choose as state variables stress u, temperature T, 
humidity H (both relative to an unstressed reference state of the material) and a set of internal 
variables q, , where (11 = 1, . . . n. Each of these variables may be a function of time. The internal 
variables describe internal (microscopic) creep mechanisms and may be related to elements of 
mechanical models in linear viscoelasticity. However, here they are introduced solely for the 
purpose of developing a mathematical structure for the creep model and therefore need not have 
an immediate physical interpretation. We introduce the complementary free energy of the state as 

x=x(0, TAq,). 

It then follows that the constitutive equation for total strain y at time t can be written 

(2.1) 

(2.2) 

and every creep process must satisfy the dissipation inequality 

(2.3) 
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It should be emphasized that these statements are valid for materials in general, irrespective of 
their constitution, when subjected to mechanical stress, temperature and moisture changes. To 
define a specific class of materials, one must introduce a constitutive equation for the internal 
variables which describe the evolution of the inelastic process. Assuming no interaction between 
individual internal variables, their growth may be characterized by the following state equation 

Li_, = f, (0, T, H> 4,) . (2.4) 

At this point we must adopt explicit constitutive postulates so that eqs. (2. l), (2.3) and (2.4) 
acquire mathematical structure. First, (2.3) will be satisfied if we assume 

POSTULA TE I 

ax 
-= G,4, > 
84, 

(2.5) 

provided that the coefficients G, are positive. Further, since we are concerned here with a linear 
theory, we postulate a quadratic form for the complementary energy: 

POSTULATE 2 

X=& a2+fMT2+~N~+u~T+u~H+6TH+~(A,qol~+B,q,T+C,q,H-fD,q~). 
c?=l 

(2.6) 

Substituting this complementary energy expression into (2.2), we obtain the basic creep law 

+ cut + PH(t) + 5 A&q,(t) . (2.7) 
Or=1 \ 

instantaneous history-dependent 

The total strain y at time t is composed of instantaneous contributions due to stress, temperature 
and humidity as well as contributions due to their previous history represented by the internal 
variables. Substituting the complementary energy expression (2.6) into postulate 1, we obtain the 
governing equation of evolution for the internal variable qa (t): 

G,i, (0 + Qq, (0 = A, o(t) + B, T(t) + C,HW . (2.8) 

This growth equation describes the rate of change of the internal state by a set of first order dif- 
ferential equations with driving forces, stress, temperature and humidity. We observe that postulates 
1 and 2 are based on ad hoc constitutive assumptions whose suitability can be examined only in 
an a posteriori manner, and that the coefficients A,, B,, C,, D,, G,, E, M, N, as well as CY, 0, 6 are 
arbitrary, apart from the restriction that G, is positive to satisfy eq. (2.3). More general forms, or 
other mathematical structures, can indeed be employed. We shall now show, however, that those 
chosen are adequate to describe concrete creep phenomena observed in hygrothermal environments. 
For algebraic simplicity and clarity we will begin with isothermal, non-aging models at reference 
humidity. 



2.1. The non-aging case at reference temperature and humidity 

In this instance A,, r>,, G,, E are constants, and with no loss of generality we may assume that T = 
To = 0 and H = He = 0 at reference temperature and h~rnidi~* Anticipating the need to permit both 
delayed elasticity and permanent flow in the model, we divide the rate eq. (2.8) into two parts by 
setting 

a= 1: D, =o, 
(2.91 

a> 1: a, = const, 

Solution of the first order differential eq. (2.8) using (2.9) yields for the internal variables 

(2.10) 

where t, defines the state of rest for the internal variables. Substituting (2.10) into (2.7) (remem- 
bering that T = 0 and H = 0 at reference temperature and humidity) yields the constitutive equation 

(2.11) 

instantaneous 

which corresponds to a creep phenom~nu~ composed of initial elastic response, delayed elastic 
recovery and permanent flow. ‘Ihis is easily established by recalling that the creep compliance is 
defined as the total strain at time’t produced by a unit stress at time r. Introducing this condition 
into eq. (2.11) and integrating yield for the unit creep function 

where 

(2.12) 
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and h, is defined in (2.10). Note that the creep function is parameterized by the constants a,,, a,, 

a,, h,, and that the specific creep strain 

= L CJ<O>= 2, 
eo E 

0 

77F = a, (t - 7) 

77D =,?*,x[ 1 - ew-A,0 - 7)) - 
(Y 

at time t consists of three components for loading at 7: 

instantaneous elastic strain, 

permanent flow, 

delayed elastic strain. 

The constitutive eq. (2.11) is readily obtained when the creep function is introduced in the follow- 
ing hereditary creep formula, also known as an impulse formulation: 

y(t) = a(O>o(t) - f U(T) a “‘,‘, ‘) dr . 
t0 

(2.13) 

Alternatively, after integration by parts the step formulation of classical viscoelasticity is recovered: 

‘Y(t)=a(t- t,)u(t,)+ It a(t-T)$+h, 

*0 

Stress Input 

(2.14) 

Total Creep Response r = E + qF*qD 

Fig. 1.1. Elastic, flow and delayed elastic deformations, Non-aging creep model. 
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where 9 (t - 7) denotes the creep strain at time t due to a unit stress applied at time r. 
Fig. 1.1 qualitatively illustrates the strain response associated with the creep function (2.12) 

resulting from application and removal of a unit stress. The delayed elastic strain asymptotically 
approaches a limiting value equal to the permanent flow developed at the time of unloading. We 
note in passing that this creep model is equivalent to a generalized Burgers body consisting of a 
Maxwell element in series with a chain of Kelvin elements, thus furnishing a mechanical represen- 
tation of the internal variable formulation. 

2.2. The aging case with hygrothermal effects 

We have shown that the constitutive postulates (2.5) (2.6), which are built into the mechanical 
creep model above, lead to qualitatively correct behaviour for concrete. We will now indicate how 
the model can be generalized to incorporate hygrothermal effects and aging. The rate eq. (2.8) for 
internal variables controls the evolution of inelastic creep components, i.e. delayed elasticity and 
flow. Accordingly, we postulate that the coefficients A,, B,, C,, D,, G, are all time-dependent, 
which may result both from hygrothermal environment and aging (maturing); further, in the com- 
plementary energy eq. (2.6) we assume that E, (Y, fl are dependent on time, temperature and 
humidity. To this end the evolution of non-hereditary response components is defined by 

40 = (1 /El [ T(f), MO, tl 00) > 

T/&I = a [ T(t), H(f), fl T(t) , (2.15) 

7)f, (f) = p[ T(f), H(t), fl H(t) . 

In the following we assume that thermal expansion as well as shrinkage or swelling due to 
moisture transport are predominantly instantaneous. This implies that hereditary components of 
hygrothermal expansion remain negligible, a hypothesis which appears reasonable in the light of 
experimental data available at present for concrete [ 181. Consequently, temperature and humidity 
furnish negligible driving forces during the evolution of the creep process, although their effect on 
material parameters is retained; thus we can assume in (2.8) 

B, = Cr, = 0. (2.16) 

Analogous to (2.9) we divide the internal variables into flow and delayed components by setting 

a= 1 : D,=O, 
(2.17) 

(Y>l: D, = D,(t). 

With these assumptions eq. (2.8) is readily solved for the internal variables in the form of an integral 
expression similar to (2.10): 
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(Y=l: qr(t) = 
‘A,(4 

j- 
t0 

(;too(r) dr , 

(2.18) 

a>l: 
f A,(T) 

‘&) = s ___ exp[-t, (t) + .$ (~11 ~(7) dr , 
t0 

G,(r) 

where the exponent of the delayed contribution is in itself an integral expression transforming real 
time into “effective” time .$j: 

(2.19) 

Substituting (2.18) and (2.19) into eq. (2.7) gives the creep equation for hygrothermal environments: 

y(t) = E(t) + qrtt) + vH 0) + A, tt> j- G 47) d7 
t0 

1 

(2.20) 

To proceed further with this generalization of (2.1 l), it is evident that additional constitutive 
assumptions are required. Before examining five important classes of aging, we recall the structure 
of the growth law (2.8). Obviously, there is no loss of generality if tie assume that A, and A, are 
constants in order to normalize the rate equation; thus (2.20) can be rewritten 

-Y(t) = dt) + q,r (t) + qfj (t) + ?jq (t) . (2.21) 

The instantaneous components E, nr, nH are specified by eq. (2.15), while the hereditary contri- 
bution 7, is composed of aging flow and aging delayed components 

r7, tt) = VF 0) + 70 (t> , 

with 

(2.22) 

(2.23) 
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2.3. Special classes of aging 

Let us now examine several classes of aging by introducing more specific constitutive structure 
into flow and delayed elastic components, omitting for the time being the instantaneous components. 

Case 1. Aging flow model qq = qF (t) (2.24) 

In this case we assume that there is no delayed action, i.e. (Y < 2 with no (t) = 0; thus hereditary 
creep is described by an aging flow mechanism in terms of a single function of time r, i.e. the age 
or rather the maturity of the concrete at loading. Let us introduce the hygrothermal aging function 
* by setting 

1 
- = *i T(7), H(T), 71 ; 
G, (7) 

(2.25) 

then q(r) defines the rate of flow produced by a unit stress input at time r. Integration over the 
entire life span t, - t yields for the irreversible flow component 

(2.26) 

t0 

For a unit stress from t, - t the specific flow is given by integration of the flow rate (2.25): 

rlFwJ=l = g(t) - g(t,) , 

where 
t 

g(t) = l *[UT), H(T), ~1 d7 
t0 

and 

(2.27) 

g(t, > = f’ ‘J’[ T(T), H(T), ~1 dT 
f0 

define the unit creep function, i.e. the creep strain for unit loading. For time variable stresses super- 
position is defined by (2.26) corresponding to the convolution integral expression (2.13). This 
formulation is essentially the time-hardening method known in concrete literature also as the “Rate 
of Creep” method [3, 191. Rheologically speaking, the model is equivalent to an aging Maxwell 
unit. 

Case 2. Delayed elastic model 9, = qD (t -~ r) (2.28) 

In this case we assume that there is no flow and that the hereditary contribution is described 
by a non-aging delayed component in terms of a single function of time elapsed since loading 
t- 7. 



Q(t- to)= *i* 2, sex PC-A, 0 - 7)) 47) dr , 2, $_ (2.3 1) 

t0 
(Y 

For a unit stress u = 1 in the interval t, to t the specific delayed component is readily obtained by 
integration: 

n c) 
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In correspondence with (2.10) we set 

ar> 1: G, (7) = const and D, (7) = const (2.29) 

so that X, = D, /G, reduces the equivalent time scale, eq. (2.19), back into a linear function of real 
time 

.5,(t) = A, (t - to) and &(r)=X,(r-- to). (2.30) 

In this case the delayed elastic creep component is described by an exponential series in terms of 
load duration t - T as an independent variable: 

vu (t - t, )lacl = S d” [ 1 - exp(+(t - t, ))I 
a=2 A, 

3 (2.32) 

which defines the unit creep function, i.e. the creep strain for unit loading. For variable stress 
histories, superposition is specified by a convolution integral which corresponds to the impulse 
formulation (2.13). Rheologically speaking, this model corresponds to a chain of non-aging Kelvin 
solids. 

Case 3. Summation model qq (t) = vF (t) + q. (t - T) (2.33) 

In this case we assume that hereditary creep is composed of aging flow as well as a non-aging 
delayed elastic contribution. In contrast to the previous two cases, creep is now described by two 
independent functions. Adding the two components (2.26) and (2.3 l), we obtain 

r), 0) = Ai Jt *[ T(r), H(r), 71 o(T) ch + a$2 51, j exp(-h,(t - 7)) u(7) dr . (2.34) 

t0 t0 

For unit stress input u = 1 applied at different loading ages between t, and t this creep model 
spans a surface in the two independent variables, age t and load duration t - tj; then 

% (t)la=~ = g(t) - g(ti) = aq2h [ 1 - exp(-X,(t - ti))] . 
a 

(2.35) 

For variable stress histories, superposition is defined by a convolution integral expression corre- 
sponding to the impulse formulation (2.13). The resulting creep model is essentially the “rate of 
flow” method described in [ 12, 203. Rheologically speaking, it corresponds to a generalized 
Burgers body with an aging Maxwell unit. 
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Case 4. Product model q, (t) = qD (T, t - r) (2.36) 

In this case we assume that the flow component is zero, qF (t) = 0, and that hereditary creep is 
expressed by an delayed mechanism in which aging is introduced in the form of a product of two 
functions - one defines the age, i.e. the maturity of the concrete, and the other the creep rate 
since loading. To this end we assume that aging is reflected by the coefficients G, and D, in such 
a way that they are fully described by a single aging function Cp: 

f_Y> 1: 1 
- = at T(T), H(T), 71 , 
G,(T) (2.37) 

The transformation of time scale in this case is linear since 

D, (7) 
- = h, = const, 
G, (7) 

and thus 

t, (0 = A, 0 - 4-J 1 and &(T)=~,(T- to). (2.38) 

Introducing these constitutive assumptions into (2.23) leads to the following expression for the 
delayed elastic component: 

‘lJD (7, t - 7) = O$2 A; i @[T(T), H(T), T] eXp(-h,(t - 7)) u(T) dr . 

r0 

(2.39) 

Formally, (2.39) defines a rule of superposition of strains which is more general than the classical 
convolution integral equation. The aging function Cp weights the delayed elastic action in the form 
of a homothetic product law. This affine transformation model corresponds to the classical creep 
formulations for aging concrete [ 1, 2, 4, 2 1 ] , the only difference being that here the impulse 
formulation is used instead of the step formulation (see (2.13),versus (2.14)). 

Case 5. Effective time model Tq(t) = qD (t, - ,$) (2..40) 

In this case we assume that aging and hygrothermal effects are reflected only by G, in the rate 
eq. (2.8), with the further provision that all coefficients are equal. Thus CY > 1 

a>l: 1 - = @[T(T), H(T), Tl , 
G, (7) 

D,(T) = const . 

(2.41) 
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Recalling the transformation of real time into effective time in eq. (2.19), we obtain 

with et = i @[T(S), H(S), sl ds and g, = f @[T(S), H(S), sl ds . 
t0 t0 

Considering that 

1 
d’T = G,(T) 

- dr = @,[ T(T), H(T), ~1 dr , 

we can change the variables of integration in (2.23) and obtain 

w-4 (tr - t, 1) u(t, 1 d& , 

(2.42) 

(2.43) 

(2.44) 

which defines creep in the form of a delayed elastic model in the effective time t to account for 
aging as well as hygrothermal effects. For a unit stress input u = 1 in the interval t, - t the unit 
creep function is obtained by integration: 

(2.45) 

For time-variable stresses the superposition is specitied by a convolution integral corresponding 
to the impulse formulation (2.13). The resulting effective time model corresponds to the time 
shift hypothesis of thermorhelogically simple materials and was applied to concrete for environ- 
mental effects in [ 71 and aging in [ 22, 231. In the last two references the step formulation was used 
instead of the impulse formulation. 

3. Identification of internal variables 

In this section recent creep data from a long term testing program 1241 are used to identify the 
internal state variable parameters. Inasmuch as our purpose here is to illustrate the identification 
procedure and to assess the accuracy of the proposed creep formulation, we will concentrate on 
the problem of “best approximation” of creep considering aging in the range from 7 to 4560 days 
at two temperatures, T = 20°C and T = 95°C. We note that testing was confind to isothermal con- 
ditions; thus extension to temperature transients would require further elaboration on possible 
transitional thermal effects 18, 261. Moreover, the experimental program was carried out on fully 
saturated specimens; thus additional test data are required to account for different humidity con- 
ditions or drying creep. 
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3.1. Concrete creep data 

As a starting point for our discussion we will briefly review creep data presented recently for 
the Wylfa reactor concrete [ 241 for which an extensive test program has been carried out at Taylor 
Woodrow for the last 12.5 years [25]. 

E 

1 

I- 
> 

4 I 

I 10 100 1000 lt+lldap 

Fig. 3.1. Aging elastic behaviour, Wylfa concrete data (Browne and Bamforth). 

Fig. 3.1 shows the effect of age on the modulus of elasticity. It indicates that the concrete 
matures considerably at room temperature; during 12.5 years of observation the modulus of 
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Fig. 3.2. Creep deformations after loading for 102 days, Wylfa concrete data (Browne and Bamforth). 
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elasticity increase by 82%. In contrast, at 95°C there is very little aging of the instantaneous 
response. 

Fig. 3.2 shows the effect of age on total deformations when the specimens are loaded for 102 
days. It indicates again that concrete matures considerably at room temperature; during 12.5 years 
of observation the creep response reduces by 6 1%. In contrast, at T = 95°C there is virtually no 
aging effect on total strains. 

120 

100 

60 

CO 

20 

0 

Test Data 

0 r = 2ooc 

IO 1 - 

100 

It-T*l)days 

Fig. 3.3. Creep deformations for loading at 2.5 years, Wylfa concrete data (Browne and Bamforth). 

For completeness, a thrid result is taken from [ 241 to illustrate the time variation of creep when 
loaded at 12.5 years. Fig. 3.3 shows the undiminished creep capacity at 95°C as opposed to the 
reduced response at room temperature. In this context we note the scatter of experimental data 
which amounts to approximately 5 microstrain per N/mm2 at 20°C and 10 microstrain per N/mm2 
at 95°C (1 microstrain = 1 Om6 mm/mm). 

For subsequent parameter identification these test data are utilized together with previous 
results reported in [ 251 to construct a set of creep curves for four loading ages, 7, 28, 400 and 
4560 days, and two temperatures, 20°C and 95°C. As a first step, we consider the effect of aging 
at reference temperature T = To = 20°C. From the physics of the creep process we postulate that 
the total creep strain must be a monotonically increasing function of load duration t - 7; thus 

a 
a(t - 7) 

f-Y0 - T,T)l > 0 , (3.1) 

whereby the creep rate decreases at least during primary creep. Moreover, from the process of 
chemical maturing we postulate that the total creep strain must be a monotonically decreasing 
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Test Data 

0 T = 1 days 

x T = 28 

+ T z LOO 

Fig. 3.4. Design curves for aging creep at T= 2O”C, Wylfa concrete data (Browne and Bamforth). 

function of loading age 7, thus 

(3.2) 

With these observations in mind we can now design a set of creep curves from the data shown 
in figs. 3.2, 3.3. The results are indicated in fig. 3.4 for a load duration t - T from 0 up to 3000 
days and for four loading ages r = 7,28,400 and 4560 days. The creep curves pass through the 
corresponding data points of instantaneous elastic response t - T = 0 and creep response after 
loading for t - T = 102 days. Since there is virtually no aging of the elastic component for loading 
between 28 and 400 days, the associated creep curves start at the same origin. 

7 
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Fig. 3.5. Design curves for aging creep at T = 95”C, Wylfa concrete data (Brown and Bamforth). 
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As a second step, we examine now the effect of temperature considering the total deformations 
from creep tests at T = 95°C. Fig. 3.5 shows the experimental data, i.e. the instantaneous elastic 
strains at loading ages 7, 28, 400 and 4560 days, and the creep deformations after load duration 
t - T = 102 days. Conversely to the case with T = 20°C there is very little aging because of cyclic 
heat treatment before loading. As a matter of fact, some of the test data violate condition (3.2). 
Since the scatter all lies within the experimental error, it is reasonable to assume that aging is con- 
fined to the instantaneous elastic response. Therefore, the creep curves for different loading ages 
are obtained from a single master curve by vertical translation as shown in fig. 3.5. 

3.2. Least squares identification 

For a valid comparison of different classes of aging, an unbiased procedure is needed to assign 
the “best” parameter values to each model. To this end an objective identification technique has 
to be developed using a method such as least squares optimization, which minimizes the error be- 
tween input data yj and their approximations f(xj) with internal variable models at j = 1, 2, . . . M 
sampling points [ 271. The optimization problem is then posed as 

A =,t Lf(xi) -JQI* + Min. 

The resulting root mean square error provides an objective measure for the average deviation at 
each data point. Normalization by the input data yj yields the following relative error: 

(3.3) 

112 

6, = A,& with A,,, = (A/M)“* and RMS average: Y, = , (3.4) 

which is used below to quantify the accuracy for different classes of aging. 
A modified Marquardt algorithm is used for finding the minimum of the sum of squares of M 

functions. This algorithm is a combination of Newton’s method and steepest descent optimization 
and is available in most software libraries. In our particular case the CDC-IMSL library package 
is used. Note that the Marquardt algorithm has been applied previously [ 281 for the identification 
of two-dimensional creep surfaces, without assigning definite structure to the unit creep function. 

We proceed now with a simple example to illustrate the identification via least squares optimiza- 
tion. To this end we consider the one-dimensional curve fitting problem for the instantaneous 
elastic response as a function of age. Clearly, from the process of chemical mataring we can con- 
clude that the elastic strain must be a monotonically decreasing function to time, thus 

i(t) =a [ 1 J- GO. 
at E(t) 

Let us first consider an approximation by exponential series expansion for unit stress: 

(3.5) 

IV 

dt)l o=l = C ai exp(-tit) , 
i= 1 

(3.6) 
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which satisfies condition (3.5) for positive a, and ci. We recall [ 291 that there is no unique solution 
for ai, cp and that we obtain numerically equivalent approximations if we assign fixed values to the 
exponents cI, i.e. the relaxation spectrum of interest. In this way, the number of unknown param- 
eters is reduced to the number of terms in the exponential series N, which in our case is also an 
optimization variable. Experimental studies have shown that relaxation times must be well separated; 
thus different decades are assigned to the exponents ci: 

i=l: Cl =o, 
(3.7) 

i> 1: ci = 3 x lo-(“‘) . 

Considering the test data indicated in fig. 3.1, we have in this case 6 sampling points j = 1, 2, . . . M 
= 6, at which 

with RMS average: Y$ = 35.33 X low6 per N/mm’ . 

At times ti the exponential approximation is readily obtained from (3.6): 

(3.8) 

N 

f(Xj) = E(tj) = C a, exp(-citi) . 
i=l 

(3.9) 

Marquardt least squares optimization yields in this case a global optimum for an exponential series 
with N = 6. The parameters are 

i ci at (T = 20”) nj CT= 95”) 

1 0 0.113 31.281 
2 0.3 64.791 0 
3 0.03 0.819 11.099 N=6 

4 0.003 0 1.092 &I=6 
5 0.0003 10.766 0.079 
6 0.00003 25.248 11.977 

SM = A,@& 0.028 0.009 

(3.10) 

The resulting aging functions e(t) are shown in fig. 3.6 and indicate a rather close fit even for 
the unsmoothed data with ~(400) > E( 180) at T = 20°C. 

In what follows, the Marquardt least squares optimization is applied to the identification of 
aging creep within the frame of non-aging as well as aging models. Geometrically speaking, we are 
confronted with the approximation of a creep surface as a function of loading age T and load 
duration t - T, as shown in fig. 3.4, where the total deformation is in general made up of several 
time-dependent components. 

3.3. Non-aging models 

As a first step we consider the case of non-aging behaviour for which the problem reduces to 
the identification of the constant coefficients a,, $2, and 2, in eq. (2,12). For least squares opti- 
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Fig. 3.6. Exponential approximation of elastic compliance, Wyfla concrete data (Brown and Barnforth). 

mization we extract from fig. 3.4 a set of data points by dividing the time under loading t - r = 
3000 days into 14 intervals which are equally spaced on a logarithmic scale. For the four loading 
ages T = 7, 28,400 and 4560 days this yields data values at the sampling points 

yj = ~(t, - rl, rl) with RMS average: Y&= 67.69 X 10e6 per N/mm2 , (3.11) 

where 

k= 1,2 ,... 14; Z= 1,2 ,... 4; M=14X4=56. (3.12) 

Now we apply the identification procedure to three classical cases of linear viscoelasticity : the 
Maxwell unit, the Kelvin chain and the generalized Burgers model. 

Maxwell unit. (3.13) 

In this case the creep surface is approximated by a linear function of time t: 

r(t)l,=, = a,+ a,t- 917, (3.14) 

which has to be evaluated at the sampling points in terms of the optimization variables a,, 2, : 

f(+)= a,+ a,& -t,), k= 1,2 ,... 14; I= 1,2 ,... 4. (3.15) 

The best approximation is readily identified with the Marquardt least squares procedure yielding 
a relative RMS error of 

5, = 0.359 . 
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The optimum parameter values are 

a,=+=51.7, a,=0.019, N=2, M=56. (3.16) 
0 

Kelvin chain: r(t) = eO + qD (t - T) (3.17) 

In this case the creep surface is approitimated by an exponential series in the independent 
variable t - 7: 

y(t-T)l,=~=a~+ C_rr[l-exp(-X,(t,-t,))], a.=?, 
n a, 

a=2 * (Y 
(3.18) 

which has to be evaluated at the sampling points in terms of N = yt optimization variables a,, goi: 

n a, 
f(Xj) = a, + c ~[l-exp(-X”(t,--t,))], k=l,2 ,.., 14; 1=1,2 ,... 4. (3.19) 

a=2 a 

The optimum parameter values are readily identified with the Marquardt least squares procedure 
for a variable number of terms in the exponential series (n = 2, . . . 8). The best approximation is 
obtained for n = 6 with a relative RMS error of 

6M = 0.335 . 

The corresponding parameters are 

a, = +- = 37.0 
0 

and 

i ha a, 
1 3.0 3.28 
2 0.3 1.71 
3 0.03 0.205 
4 0.003 0.073 N=6 

5 0.0003 0.011 M=6 

(3.20) 

(3.21) 

Generalized Burgers body: y(t) = eO + qF (t) + qD (t - r) (3.22) 

In this case the creep surface is approximated by the sum of a linear function of time t and an 
exponential expansion in t - 7: 

Y(t - T)l,=l = 9, + 2, (1 - r) + a$2 F [ 1 - exp(-h,(t - T))] , 
a 

(3.23) 

which has to be evaluated at M sampling points in terms of N = n + 1 optimization variables a,, 
a,, 9a: 
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f&) = 9, + 2, (tk - tl) + a?2 h [ 1 - exp(-h, (ti - t,))l , k = 1, 2, . . . 14; I= 1, 2, 3, 4 , 
a (3.24) 

Again, the optimum parameter values are readily identified with the Marquardt least squares proce- 
dure for a variable number of terms in the exponential series (n = 2, . . . 8). The best approximation 
is obtained for y1= 5 with a root mean square error of 

6, = 0.335. 

The corresponding parameters are 

a, = E0 = E’ = 34.9 ) 2, = 0.0064, 
0 

and 

(3.25) 

i %Y 5-a 

1 3.0 3.28 

2 0.3 1.84 N=6 
3 0.03 0.172 M= 56 

(3.26) 

4 0.003 0.085 

Fig. 3.7 shows creep predictions which result from the three non-aging creep models. For com- 
parison, the original design curves are included for four loading ages indicating considerable deviation 
because of aging. The figure also shows that the Kelvin chain and Burgers model are virtually identical 
since the flow term 9, almost vanishes (see eq. (3.26)). Therefore, we can conclude that linear flow 
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Fig. 3.7. Approximation of creep surface with non-aging viscoelastic models. 
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is reproduced by exponential expansion and could be omitted if a sufficiently large number of 
exponentials were used. On the other hand, if only a small number of terms are used, then linear 
flow considerably improves the total approximation. Moreover, the comparison is confined here 
to creep under constant load, If we consider unloading, then we recall that the Kelvin chain predicts 
complete creep recovery while the flow component in Burgers model introduces an irreversible 
contribution. It has been observed [ 51 that concrete exhibits only very limited recovery when 
unloaded; thus, for application to loading as well as unloading regimes, creep recovery should 
also be considered for identification. In this light the Maxwell unit without recovery and the Kelvin 
chain with full recovery are at disadvantage when compared with Burgers model in which only a 
limited retardation spectrum is used for the delayed component. 

3.4. Aging models 

In section 2.3 five classes of aging were developed from the general internal variable model 
making different assumptions for G,(t), D,(t) in the equation of evolution (2.8). In the following, 
parameters in these various cases are identified with the Marquardt least squares procedure. Inas- 
much as these aging models are concerned exclusively with the hereditary component r), , we rede- 
tine our design curves by substracting the instantaneous elastic components. With 7’, = 0 and 
H, = 0, 

r/q (t) = $0 - e(t) * (3.27) 

The time variation is obtained by shifting the creep curves in fig. 3.4 vertically to the origin. The 
resulting design curves are used as input values for the identification below: 

yi = 70, - t,, tl> - e(tr) with RMS average: YJ = 36.16 X 10M6 per N/mm2 , (3.28) 

where 

j = 1, 2, . . . M=56 and k= 1,2 ,... 14; I= 1,2,3,4. 

In proceeding to the different classes of aging models we observe that the algebraic identification 
problem for the non-aging models is now complicated by the fact that functions have to be identi- 
tied. In the case of aging flow and delayed elastic formulations the creep surface is described by a 
single function, while for the summation and the product model as well as in the time shift model 
two functions are used. Clearly, these functions have to be parametrized before least squares identi- 
fication; to this end power laws and exponential expansions will be used below. 

Case 1. Aging flow model qq = qF(t) (2.24) 

In this case we have to assign a definite structure to the flow rate \k(r) and choose a power law 
which predicts unbounded creep for long duration of loading. Clearly, other functions could also 
be used for parametrization, such as hyperbolic or exponential laws, which would predict bounded 
creep capacity if only a small number of terms is used. Recalling (2.27), the unit creep function 
g(t) is approximated directly by the following power law: 
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q, (t)lO=l = g(t) = bt”’ , (3.29) 

which is now evaluated at M sampling points in terms of the optimization variable b 

f(x$=b(tF -t,“), k= 1,2 ,... 14; I= 1,2...4. (3.30) 

The optimum parameter value is readily identified for different powers m, = m,, + 0.025 yielding 
a global optimum for 

m=0.025, b=601, with 6,=0.238 N=l, M=56. (3.3 1) 

The “best” approximation of an aging flow model - rate of creep method - is shown in fig. 3.8. 
It illustrates very clearly that the creep response is underestimated considerably at high ages of 
loading. Moreover, this model would predict no creep recovery if the specimen were unloaded, 
because of the irreversible flow mechanism. 
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Fig. 3.8. Aging flow model of reduced creep surface q4 = qF(t), 

Case 2. Delayed elastic model Q = q. (t - r) (2.28) 

In this case, identification follows essentially along the line of a non-aging Kelvin chain yielding 
a global optimum at y1 = 6 for the present data. The parameters are 

i Aa a, 

1 3.0 3.14 
2 0.3 2.56 N=S 
3 0.03 0.174 M=56 (3.32) 
4 0.003 0.074 s&f = 0.474 
5 0.0003 0.011 

The “best” fit of a delayed elastic model with no aging is shown in fig. 3.9. It illustrates very 
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Fig. 3.9. Delayed elastic model of reduced creep surface qq,= qD(t - T). 

clearly that the doubly curved creep surface is in this case approximated by a cylindrical surface 
which averages the effect of aging. For this reason the creep capacity is underestimated for loading 
of very young concrete and overestimated for very old concrete. Moreover, the delayed elastic 
model would predict complete creep recovery if the specimen were unloaded. 

Case 3. Summation model 7, = qF (t) + qD (t - r) (2.33) 

In this case, identification involves the evaluation of two functions for flow and a delayed elastic- 
ity, in a manner similar to the previous two cases. If the number of exponential terms and the power 
of the flow expansion are treated as optimization variables, a considerable number of feasible com- 
binations has to be examined. Starting with initial values from the aging flow model, a global op- 

timum is quickly found at 

n=5, m=0.025, b=471, with 6, = 0.147 . (3.33) 

The associated parameter values are 

1 3.0 11.7 
2 0.3 0.865 
3 0.03 0.0 N=6 
4 0.003 0.019 A’=56 

5 0.0003 0.0018 

(3.34) 

The “best” fit of the summation model - rate of flow method - is shown in fig. 3.10. It illustrates 
acceptable agreement between input curves and creep predictions for the entire response spectrum, 
i.e. loading durations up to 3000 days and loading ages which vary from 7 to 4560 days. In the case 
of unloading, the summation model would predict partial recovery due to delayed action while the 
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Fig. 3.10. Summation model of reduced creep surface qq = qF(t) + qD(t - T). 

irreversible component would be controlled by permanent flow analogous to the Burgers model. 

Case 4. Product model q, = qD (7, t - r) (2.36) 

As in the case of the summation model, two functions must be identified, since the creep rate 
is now a product of two functions; one describes the variation from the time of loading within the 
frame work of a delayed model, while the other defines the effect of loading age. The resulting 
homothetic law forms the kernel of eq. (2.37), in which the aging function has to be parametrized. 
To this end we choose the following exponential expansion [ 11 

“0 

a(7) = oFI A$ exp(--hp7) , (3.35) 

which describes a monotonically decreasing function of age analogous to the approximation of the 
elastic component (3.6). For a unit stress history we are able to integrate eq. (2.39) and express the 
unit creep surface in terms of the free parameters A,, Aa: 

kw(-Apt I - exp(-X, (t - 7)) exp(--Xpr)] . (3.36) 

The aging function (a(r) has to cover the entire range of loading, thus the number of exponential 
terms np > 4. In our case np = 5 was used for the series expansion, which includes a constant for 
np = 1 where X, = 0. Treating the number of exponential terms IZ, as optimization variables and 
evaluating (3.36) at M sampling points in terms of A,, A, : 

kwG+,) - exp(--X,0, - tl)) exp(-Apt,)1 , 
4 

(3.37) 
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where j = 1, 2, ,.. M=56 and k= l,,.. 14; I= l,... 4, 

we obtain an optimum via the least squares procedure at 

%Y =8, np=5, with 6,=0.176. 

The resulting parameter values are 

i A, = h P 

1 0 
2 3 
3 0.3 
4 0.03 
5 0.003 
6 0.0003 

I 0.00003 
8 0.000003 

4 A; 
_ 0.002 

4.930 1.000 
0.005 8.000 
0.0 0.128 N=l2 
0.0 0.023 M=56 
1.030 _ 
2.920 _ 
1.560 _ 

(3.38) 

(3.39) 

The “best” fit of the product model is shown in fig. 3.11. A comparison with the results of the 
non-aging Klevin chain, fig. 3.9, illustrates the improvement due to the aging function (a(r). For 
load durations up to 300 days there is a tendency to underestimate the creep response at high 
loading ages, very much like the aging flow model. In the case of unloading, the product model 
would predict partial creep recovery similar to the summation model, except that reversible and 
irreversible contributions are not separated explicitely. 
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Fig. 3.11. Product model of reduced creep surface nq = ~~0, t - 7). 

Case 5. Effective time model q, = qD (t, - ET) (2.40) 

In this case, identification involves again two functions, the time shift function Et in eq. (2.42) 
and the delayed component. The effective time transformation is parameterized here by a power 
function 
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& = CP ) (3.40) 

which is introduced into eq. (2.45) to evaluate the unit creep function at M sampling points in 
terms of the unknown parameters c and A, : 

f&I = qD (& - tr)lo=l = a+ 2 [ 1 - exp(-Da@!, - .$))I . 
CK 

(3.41) 

For identification we 
feasible combinations 

m=0.15, n=5, 

treat the number of exponential terms as optimization variables and examine 
with different powers m, = m,_ 1 + 0.025. A global optimum is attained at 

with 6, =0.172. (3.42) 

Amplitudes for the exponential expansion are 

1 3 26.50 
2 0.3 0 
3 0.03 0 
4 0.003 0 
5 0.0003 0.51 

N=6 
M=56 

(3.43) 

The “best” fit of the time shift model is shown in fig. 3.12. A comparison with predictions of 
the non-aging Kelvin chain in fig. 3.9 illustrates that the overall approximation is improved con- 
siderably by the age-compensating transformation of time 6 = t(t). In the case of unloading the 
effective time model would predict partial creep recovery similar to the summation model, except 
that reversible and irreversible contributions are not separated from the beginning. 
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Fig. 3.12. Effective time model of reduced creep surface v4 = qD(tt - r,). 
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Summary 

Before proceeding to concrete creep under higher temperatures let us summarize the previous 
findings on aging and its identification. 

From the creep data, fig. 3.4, we have seen that the effect of loading varies strongly with time. 
Between 7 and 28 days the creep capacity (i.e. the elastic and the hereditary components) is largely 
reduced. Between 28 to 400 days only the hereditary components decrease slowly, while between 
500 and 5000 days the elastic contribution decreases faster then the hereditary component. Con- 
sidering the large differences in aging of the individual deformation components, we could con- 
ceivably confine attention to small portions of the aging spectrum. In this way the age effect would 
be eliminated at the cost of severe restrictions on the range of application. On the other hand, if 
the creep model has to apply to a wide range of loading histories, then aging of the individual de- 
formation components has to be considered. Accordingly, the structure and performance of the 
previous models are summarized in the table (3.44). 

Creep model Deformation Aging Recovery Optimization RMS error 
variables N 6~ = AMIYM 

Maxwell T=e+nF No No 2 0.359 (0 
Kelvin 7=c+rQ No Full 6 0.335 
Burgers 7=e+nF+T)D No Partial 6 0.335 

Hyperelastic e(t) Yes Partial 6 0.028 (ii) 

Delayed elastic nq = qD(t - T) No Full 5 0.4 74 (iii) 
Aging flow Yes No If 0.238 
Summation 

nq = t@(r) 
nq = nF(r) + nD(r - 7) Yes Partial 6” 0.147 

Product nq = n&, r - 7) Yes Partial 12 0.176 
Time shift nq = s&r - E,) Yes Partial 6* 0.172 

(3.44) 

..G) -y-Norm Yzs = 67.69 * 10” per N/mm2 
firjo-Norm Yz = 35.33 * 10” per N/mm2 

(iii) q-Norm Y& = 36.16 * 10” per N/mm2 

The root mean square error 6, describes the relative accuracy of the creep approximation at 
M = 54 sampling points as compared to the input data; N denotes the number of optimization 
variables representing the identification effort. For creep models with an asterisk “*“, N has to be 
multiplied by the number of trials which are necessary to find the optimum exponent of the power 
expansion. 

The relative RMS errors 6, in eq. (3.44) are on one hand a measure for the accuracy of each 
parameterization; on the other hand, they contain model bias [301, i.e. approximation errors which 
are introduced by the specific mathematical structure and which do not vanish with increasing 
number of model parameters. In our particular case the largest part of 6, reflects model bias 
because the number of terms in the exponential expansion is an optimization variable. 

For creep under variable stress, and in particular for load-unload regimes, the summation law 
is very convenient since reversible and irreversible deformation components are described separately 
by delayed elastic and flow action. They are readily identified from creep and recovery data but un- 
fortunately they are not available for the particular Wylfa concrete. In spite of these reservations 
the previous summation model will be extended below elevated temperature regimes. 
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3.5. Creep model for elevated temperature 

Recalling the test data shown in fig. 3.5 for T = 95°C we readily construct a design curve for the 
hereditary deformation component r), by subtracting the instantaneous elastic contribution from 
total strain: 

for T = 95°C : qq(t) = y(t) - e(t) . (3.45) 

As a result, we obtain the age-independent creep curve shown in fig. 3.13 for which the summation 
model is readily identified using the least squares procedure above. For compatibility with the best 
fit at T = 20°C where 

m=0.025, y1= 5, b=O, with 6y = 0.005 ) (3.46) 

the following parameter values are found by Marquardt optimization: 

i ‘icy OL 

1 3.0 34.5 
2 0.3 8.13 

3 0.03 0.672 N=6 (3.47) 
4 0.003 0.067 M=56 

5 0.0003 0.0073 

Thus, the least squares procedure predicts zero flow and describes, as expected, the non-aging time 
variation exclusively by delayed elastic action. 

The “best” fit to the summation model is shown in fig. 3.13, illustrating very close agreement 
with the given input data. Recalling our previous experience with the non-aging Kelvin chain and 
Burgers model, differences arose only when the exponential series was restricted to very few terms. 
Clearly, with y1 = 5 there are sufficient degrees of freedom so that the flow component is not even 
activated in eq. (3.46). However, the resulting non-aging Kelvin chain predicts full creep recovery 
when unloaded at 95°C - this must be questioned in the light of experimental evidence as e.g. re- 
ported in [5, 81. In the following the proposed creep model will be applied to temperature histories 
with T < 70°C; thus the irreversible flow component does not vanish in this case. However, we 
keep in mind that the present temperature model must be revised as soon as additional thermal 
load-unload data become available. 

Let us now examine temperatures other than T = 20” and 95°C still retaining isothermal con- 
ditions. Additional creep data at intermediate temperature were published previously [ 251 for the 
Wylfa concrete, but experimental scatter and discrepancies with recent data [ 241 furnish little 
conclusive evidence. Therefore, the simplest approach is adopted, namely linear interpolation of 
creep deformations at T = 20” and T = 95°C even though some researchers have made different 
observations 13 11. To this end we scale the coefficients of each creep component linearly with 
temperature: 

for 20” < T< 95”: a:(T)= ?(Y(T20)+Aa,r 

where T= (T- 20)/75 and Aa, = il,(T,,) - Sl,(T,,). (3.48) 
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Fig. 3.13. Summation model of reduced creep surface q4 = gF(t) + qD(t - 7). 
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From the least squares identification of the elastic component eq. (3.6) we obtain for a unit stress 
input at time t and temperature T: 

6 

4t, TN o=l =c a:(T) exp(-c,t) , 
i=l 

(3.49) 

where the temperature-dependent amplitudes a: (T) are 

and the values at T = 20” and 95°C are given in eq. (3.10). 
From the previous identification of the summation model at T = 20” and 95” the temperature 

variation of the flow component is readily constructed 

q& T)I,,, = b*(T)t0.025 . (3.51) 

By eqs. (3.33), (3.46), coefficient b*(T) is given by 

b*(T)=471 -471T. (3.53) 

Therefore, the time variation of the flow compliance decreases with increasing temperature and 
reaches zero at qF(t, T,,) = 0. 

In analogy the associated delayed elastic component for elevated temperatures is given by 

7)~ 0 - 7, TN,,, [ 1 - ew(-&((t - T))] . (3.52) 
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From eqs. (3.34) (3.47) we obtain the temperature-dependent amplitudes 

In this case the time variation of.delayed elaticity increases considerably with increasing tempera- 
ture. The temperature dependence of the individual deformation components is illustrated below 
in section 5, where the creep law is applied to predict the behaviour of a PCRV. 

In conclusion we note that expressions (3.49) (3.5 l), (3.53) describe the creep behaviour for 
different but constant temperatures, i.e. isothermal conditions with vanishing temperature rates. 
To extend the creep model to variable temperature histories, an additional postulate is required. 
In the past, more from convenience then experimental confirmation, it has been assumed that the 
creep rate depends on temperature but not on temperature rate or time derivatives of higher order. 

The time rate of change of e.g. the flow mechanism (3.5 1) is controlled by two terms: 

77& nl,,, = b*(T)tm (3.55) 

and 

&(t, T)I,,, = b*(T)mt”-’ + 7 
ab*(n p F 

) 

transitional thermal creep 

(3.56) 

where the second term depends on the temperature rate, an effect which is normally neglected. 
Only recently, “transitional” creep effects have been reported 18, 261 which considerably en- 

hance irreversible creep deformations when the temperature is raised on a virgin specimen after 
the mechanical load has been applied. Clearly, the internal variable model readily describes such 
phenomena by an additional flow mechanism along the line of (3.56), which progresses only under 
increasing temperatures, i.e. positive temperature rates above a certain temperature level. This 
discontinuous process could be controlled by a temperature step function (T - TF) analogous to 
the yield condition in plasticity. For the time being, temperature rate effects are not incorporated 
in the creep model because conclusive experimental evidence is still lacking for the Wylfa concrete 
under consideration. 

4. Numerical solution method 

In the following an incremental algorithm is developed for the numerical solution of creep in- 
tegral eq. (2.21). In a given time interval the evolution of individual deformation components is 
described by a single-step recursion formula without resorting to previous history. The creep 
strains are referred to an elastic modulus E, which remains constant along the lines of the initial 
strain concept. Subsequently, the one-dimensional creep law is extended to triaxial conditions 
and then projected onto the structural level via finite elements. The resulting numerical scheme 
advances the creep process by the solution of additional load cases. 
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In (2.21) the total deformation is composed of instantaneous and hereditary components 

r(t) = 4t) + 77TW + 77fj (t) + 718 (0 + qL, (0 . (4.1) 

instantaneous hereditary 

Sampling (4.1) at both ends of the time interval A&t) yields the values for the co~esponding in- 
cremental relationship 

L\ir= L\ie + A~~= $ AirlH + AiSr; + Airlt> t (4.2) 

where in time step Aj(t) the flow component is given by 

Using the elastic properties at reference age t, , 
given by 

the stress increment during time interval A&t) is 

‘ia E 
= _e!_ ,/+ = & 

0 0 
[L\ir - Aiql * (4.4) 

The initial strain increment Aj~ is composed of mechanics and environmental (~e~~~hygral) 
components. Because of aging, the mechanical term in general also contains an elastic contribution 
in addition to flow and delayed components 

For isothermal/isohygral conditions at reference temperature/humidity 

(4.6) 

and for non-aging elastic response behaviour 

Let us now briefly examine individual initial strain cont~butions which are summarized in the 
appendix for the Wylfa concrete using the summation model. 

1. Elastic component: 
1 

e@) = E[T(t), H(t), t] u(t) 
(2.15) 

Note the change of elastic properties in the hyperelastic formulation (2.15) due to aging or 
equivalent temperature/humidity effects. In a time interval At] the increments of stress and elastic 
strains are related by 

A~u = E(tj) Aje + A~E(ti)E . 
. L / 

higher order 

(4.8) 
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For computational convenience the initial elastic modulus E, is used as reference value throughout 
the entire creep process (eq. (4.4)). Therefore, the right-hand side of eq. (4.8) is augmented by an 
additional initial strain contribution nE to correct the time-invariable stress-strain law for aging 
elastic behaviour: 

Aio = E,(Aii’ + AinE) . (4.9) 

For equivalence with (4.8) the initial strain correction is for aging elastic behaviour: 

AjqE = 
E, - E(tj) 

E(ti )E, 
Ajio . (4.10) 

2. Flow component: q&)=Af jWTo,H(r),d dr)dT (2.26) 

*0 

Invoking the mean value theorem of integration, we obtain for the flow increment 

*j+ 

AiqF = A; o(t,:) $ \k[ T(T), H(T), 71 dr 
*j- 

=A:o(tit)~[T(t,~),H(ti’), t,:] Atj, tj_ ~ ti’ ~ tj~ . (4.11) 

At reference temperature/humidity and for a flow mechanism which does not age, \I, = 1, and thus 
(2.27) degenerates to a simple time-marching algorithm with constant viscosity 

Ajj77F = Afo(tI’) Ajt e (4.12) 

3. Delayed component: qO(t)= i; A; ’ 
s ev(-D,(E, - ii,)) a(.&) di, (2.44) 

ar=2 
50 

In the effective time model, aging of the delayed component is described by a nonlinear trans- 
formation of the time scale in the form of 

t* = j @[T(s), H(s), sl,ds , t, = j @Ins), MS), sl d.7 . (2.42) 

*0 *0 

Sampling (2.44) at both ends of the variable time interval Atj yields the following expression for 
the delayed increment: 

‘j 70 Pj + AjELl, * (4.13) 
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This single-step recursion formula determines the value of p at ti in terms of the value at ti_, and 
Ai-, P: 

and 

The effective time increment derives from the mean value theorem of integration 

(4.14) 

(4.15) 

At reference temperature/humidity and for non-aging delayed action, @ = 1 and 

Ait = Ait . (4.16) 

In this case real time replaces effective time in recursion formula (4.14) along the lines of the 
delayed elastic model (2.28) and the summation model (2.33): 

/Jj = [exp(-&A,-t) - 11 
exp(-A, Aj_1 t) 

exp(-X, Aj_r t) - 1 
Eli-1 + Aj_rP > 

I 

AiP = 
aa”* (tj) 

x ( 1 - exp(-X, Aj t>) . 
o! 

(4.17) 

Aging in the form of the homothetic product expansion leads to a recursion expression which is 
similar to (4.17) except for additional weighting due to aging. 

4. Thermal strain: r)*(t) = 0 [ n71, H(T), 71 m) (2.15) 

The change of thermal strain in the time increment Ait is readily obtained assuming that the 
contribution due to the change of thermal expansion is of higher order: 

‘jqT = CI 1 T(t,:), II($), t,: 1 AjT + . . . . (4.18) 

For constant thermal expansion cy,, we recover the customary initial strain increment due to a 
change in temperature 

‘jqT =a,,AiT. (4.19) 
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5. Hygrcll straiw QH (t) = p[ T(T), H(T), 71 H(t) (2.15) 

The change of shrinkage strain in the time interval Ait is again derived assuming that the contri- 
bution due to the change of hygral expansion is of higher order: 

AinH = /!3[T(t,:), H&T), t,:] AiH + . . . . (4.20) 

For constant hygral expansion & we recover the customary shrinkage strain increment due to a 
change in humidity 

AinH = &AiH. (4.21) 

4.2. Multiaxial conditions 

Up to now the exposition has been confined to uniaxial stress conditions. Clearly, upon applica- 
tion to thick-walled concrete structures, creep predictions are needed for three-dimensional stress 
analysis, Therefore, additional assumptions have to be introduced to generalize the uniaxial stress- 
strain law to multiaxial conditions. Lacking conclusive experimental evidence, most concrete tech- 
nologists [ 5, 321 support the simple hypothesis that all deformation components exhibit isotropic 
properties with Poisson’s ratio equalling that of instantaneous elastic response. We adopt that 
hypothesis and note that the triaxial stress-strain law obeys the generalized Hooke’s law 

~=E,la=~~Ha, 
0 

1 --v 1 --v 1 --v --v 0 

H= --’ -v 1 

i 

2(1 + v) 

0 2(1 + v) 

2(1 + v). 

where 

(4.22) 

(4.23) 

is solely a function of Poisson’s ratio, and the engineering definition of shear stress and strain is 
used with the following notation 

fJ = b11, (322, O33> u12’ ‘23, ‘31 1 ; &= &’ E22, E33~ E12, ‘23, ‘3,) - (4.24) 

The multiaxial creep strain increment Ajqc follows the derivation of the elastic component ex- 
except that the elastic compliance l/E, is replaced by the corresponding one-dimensional creep 
compliance composed of mechanical creep contributions defined in (4.9), 4. lo), (4.12) and (4.13): 
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Aia, = Aiqc Jo=1 = [ AiqE + AiqF + ‘i’~ ‘0~1 * (4.24) 

In analogy to (4.22) we obtain 

Aiil, = Aia,Ha(ti) > (4.25) 

which states that the creep strain increments are collinear with stress, and their length is determined 
by the increment of the creep compliance. Clearly, the change of inelastic work is a quadratic form 
in stress: 

A,W, =(rtAine = A#JHa , (4.26) 

thus satisfying the dissipation inequality as long as Ai$J, is non-negative. 
An alternative generalization of creep to multiaxial conditions is based on the notion of creep 

potential f(a), such that 

(4.27) 

which is analogous to the flow-rule in classical plasticity. If we postulate that the potential is a 
quadratic form in stress 

f(a) = $dHa , (4.28) 

the creep law (4.25) is recovered. We should keep in mind that the concomitant identification in- 
volves the evaluation of the scalar functions 9, and the creep potential. Recall that metal creep 
is normally restricted to deviatoric components; in this case f(a) could be describe by the von 
Mises condition or the Tresca criterion. However, for concrete the hypothesis (4.28) has been 
widely accepted in view of the limited experimental evidence and the large amount of data scatter. 
Generalisations to anisotropic behaviour, though straightforward, are at best of formal interest 
for the time being, especially if we consider that creep is composed of several mechanisms. 

For completeness, initial strain increments due to thermallhygral expansion are required. For 
isotropic behaviour these environmental components are purely volumetric; thus for triaxial con- 
ditions 

where the corresponding uniaxial expressions are given in (4.18), (4.20). The diagonal matrix 
E,,, is made up of a unit submatrix and zeros elsewhere: 
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4.3. Finite element initial load method 

Simplicity of the method and recent advances in computer software developments have turned 
the finite element method into an engineering tool which is widely accepted for the analysis of 
complex structures. For typical applications in the present context we refer to reader to previous 
publications by the authors on finite element displacement analysis of concrete structures [33, 
34, 351. 

In our particular case, the initial load method is applied for tracing the entire creep process 
without altering the elastic stiffness of reference age t,. The displacement method discretizes the 
equilibrium conditions for a structure, expressed below in incremental form 

A-,, Air = Ai” . (4.3 1) 

For a given load increment AiR the unknown displacement increment A,r is readily solved by a 
direct solution method (factorization of the structural stiffness K and forward reduction of R as 
well as backward substitution in r). In a given time interval Ait the load increment is in general 
made up of external contributions AiRp, such as pressure and environmental transients as well as 
initial loads AiRJ, which drive the evolution of the creep process 

AiR = A,~p + AiRJ . (4.32) 

We recall that on the structural level the initial load increment is made up of individual element 
contributions which are in general exposed to different temperature/humidity and stress conditions 

AiR = CaaAiJ,. 
e 

(4.33) 

The assembly matrix a, assigns to each element degree of freedom the corresponding degree on the 
structural level. The initial load increment for an element Aig, result from integration of the dissi- 
pative creep energy over the element volume 

Ai J, = b’E,Ailc dV, 
V 

(4.34) 

where the triaxial creep strain increment is defined in (4.25) and comprises contributions from 
aging elastic behaviour, flow and delayed action (see (4.24)). 

Before turning to the solution of actual creep examples, we note that the choice of time step is 
of crucial importance for the stability of the incremental step-by-step procedure. The critical time 
step in controlled by the frequency content of the loading history (mechanical or environmental) 
in comparison to the retardation or relaxation spectrum in the creep model. Aside from these 
general observations the following rule should be observed: 

IIAii II < IIE(ti)II 3 (4.35) 

which can be used to predict the maximum length of subsequent time steps (extrapolation). 
In summary, we observe that the proposed time-marching algorithm advances the creep process 
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at the expense of solving an additional load case. Because of the degenerate structure of the pro- 
posed creep model there is no need for storing previous histories of stress or deformation except 
for their current values. 

5. Prestressed concrete reactor vessel 

In the following a rather complex engineering problem is examined to illustrate numerical imple- 
mentation of the creep model above. A typical THTR prestressed concrete reactor vessel subjected 
to a realistic reactor environment is considered [ 361. Fig 5.1 shows the geometric configuration 
and the idealization with axisymmetric finite elements of the programming system SMART 1351. 
The vessel is exposed to the loading history of fig. 5.2, which involves mechanical prestress, pres- 
sure cycles with extended hold times, as well as environmental effects due to shrinkage and a 
temperature gradient of AT = 50°C. For subsequant analysis we assume that there is no interaction 

I .? 
150 

T 
513 

I 

T 
765 

t 
65 kp/cd 

90 kolcm’ 

50 kplcm‘ 

v 795 - hL7-4 

Geometry and Prestresslng 

42 

55 

622 Degrees of 
Freedom 

Axlsymmetric Finite Element ldealisatlon 

Fig. 5.1. Reference PCRV geometry and mesh layout. 
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days 

Internal Pressure pi = 40 Wcm 

days 

OursIde Humidity Ho = 50 % 

Fig. 5.2. Mechanical and environmental loading. 

between the hygrothermal process of thermodifussion and the evolution of mechanical creep, i.e. 
moisture and thermal transport phenomena are uncoupled from stress and deformation. This cus- 
tomary hypothesis enables us to separate thermodiffusion analysis from stress analysis. 

5.1. Hygro thermal solution 

In the frist step we examine moisture transport in the concrete wall due to drying on the outside 
surface (moisture transfer to relative room hymidity H, = 50%) and due to the temperature gradient 
AT = 50°C across the containment wall. Clearly, the thermodiffusion-problem is in general fully 
coupled; i.e. the thermal field influences the moisture field and vice versa. In order to simp!ify the 
concomitant identification problem which requires very complex testing 1371. we assume weak 
coupling between the two fields in the sense that only drying is affected by the temperature field, 
but thermal transport evolves independently of the moisture field. In this case the balance equation 
for transient humidity transport H(t) is governed by Fick’s diffusion law augmented by a coupling 
term L,, with the thermal field T(t) which accounts for temperature gradient effects. In matrix 
notation humidity transport in an idealized structure is controlled by [381 

c,,k+K,H=e,,+L,,T. (5.1) 
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Hygral Conduct ivlty k, = 0.35 cm’/day Hygrothermal Coeff lclent I, :: 0.21 T/day 

Fig. 5.3. Hygral diffusion properties, CH = 1. 

Thermal transport follows Fourier’s law of heat conduction. Analogous to (5. l), heat transport is 
controlled by the following condition in which coupling with the humidity field is neglected: 

C,fwc,T=Q,. (5.2) 

In this notation Cand K detine capacity and conductivity matrices of the finite element idealiza- 
tion, Q is the vector of nodal fluxes and L,, denotes the hygrothermal coupling matrix, a term 
which was introduced in I.381 for transient temperature environments. Augmenting the problem 
by initial and boundary values, both transient diffusion equations are readily solved in the case of 
weak coupling for the unknown humidity H(t) and temperature T(t) with the aid of an incremental 
step by step algorithm. They are converted subsequently into shrinkage and thermal strains as input 
for stress analysis. For further details of the thermodiffusion analysis see 1391 ; here we only note 
nonlinearities in form of moisture dependent conductivities K(H), hygrothermal coupling LHT(H) 
and coefficients of expansion /3(H) as shown in figs. 5.3 and 5.4. 

- = 1 -095W3-0.25H" 

ShrInkage /$, : 7 x 10s4 

Fig. 5.4. Coefficient of hygral expansion. 
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Fig. 5.5. Temperature dependence of total creep compliance. 

5.2. Creep response behaviour 

After solution of the environmental input history we proceed now with stress analysis for the 
combined loading presstress, pressure, shrinkage and temperature gradient. Constitutive behaviour 
is described by the temperature and age-dependent summation model of section 3.5, which, however, 
does not account for effects due to drying; i.e. the creep properties are in this case independent of 
humidity changes. The total creep compliance is illustrated in fig. 5.5 for the loading age r = 400 
days with individual components shown in figs. 5.6, 5.7 and 5.8. For stress analysis we subdivide 
the entire loading history into time increments compatible with the step by step ther-modiffusion 
solution above and apply the incremental initial load procedure described in section 4.3. 

Considering loading without shrinkage, response histories are shown in fig. 5.9 for radial displace- 
ment and circumferential stress at point P. During prestress, up to 428 days, a state of pure creep 

04 
1 10 100 1000 

Fig. 5.6. Temperature dependence of elastic compliance. 

If*l)days 
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Fig. 5.7. Temperature dependence of flow compliance. 
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Fig. 5.8. Temperature dependence of delayed elastic compliance. 

prevails in the wall without stress relaxation because of the homogeneous composition of this 
particular vessel and isothermal/isohygral conditions. Upon heating, stresses redistribute very quickly 
because of relaxation due to the temparature dependence of the creep function. Similar deforma- 
tion response results from pressurization at 528 days, which counteracts stressing due to the tem- 
perature gradient across the wall. Pressure release from 828 to 878 days is almost reversible because 
of prevailing delayed elastic action. The corresponding response history is shown in fig. 5.10 for 
the case with shrinkage due to drying and thermodiffusion. Comparison with fig. 5.9 indicates that 
there is virtually no difference in deformation but a rather significant reduction of stress due to 
shrinkage at the inside wall caused by thermodiffusion after heating at 428 days. 
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% 
kplcm’ 

Radial Displacement 

C~fcumferent~al Stress 

Fig. 5.9. Response history at point P, no shrankage. 

To complete the discussion, circumferential stress distributions across the containment wall are; 
shown in figs. 5. I 1 and 5.12 for loading histories with and without shrinkage. At 428 days, imme- 
diately after prestressing, stresses relax approximately 50 kp/cm2 in a narrow zone near the out- 
side surface, where the vessel is exposed to shrinkage due to drying. At 448 days, immediately 
after heating, thermal effects introduce a slight stress gradient. The relaxation effects are still con- 
fined to the outside because of the wall thickness and since drying due to thermodiffusion only 
starts at the time of heating. At 1128 days, that is during full operation, there is a considerable 
reduction of prestress level because of pressurization. Because of thermodifffusion, a narrow zone 
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Fig. 5.10. Response history at point P, with shrinkage. 

on the inside surface is also exposed to shrinkage, which relaxes the stress level on the inside 
wall by approximately 50 kpfcmz and redist~butes the peak values towards the interior of the 
containment wall. 
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Fig. 5. Il. Circumferential stress distribution, no shrinkage. 

6. Concluding remarks 

The objective of the paper was to develop a unified constitutive model for the numerical solution 
of concrete creep problems. Particular attention was given to models suitable for computer-oriented 
solution of complex engineering structures with realistic loading histories involving temperature and 
humidity in addition to mechanical effects such as prestress and cycling pressure. 

The structure of the proposed creep law is sufficiently general to accommodate aging and here- 
ditary effects, which are reflected by the evolution of internal variables controlling the creep process. 
Parameter identification from test data was examined for five different creep models which corre- 
spond to creep analysis methods appearing in the concrete literature. Using an objective least squares, 
procedure, the summation model provides the same accuracy as product and time shift strategies 
for the data of Browne and Bamforth [ 241. An incremental numerical algorithm incorporating 
variable time steps and retaining history effects without explicit storage of previous results was 
developed. After extension to multiaxial stress conditions, constitutive equations were projected 
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Fig. 5.12. Circumferential stress distribution, with shrinkage. 

onto the structural level by the finite element, initial load method. For illustration, the computer- 
oriented creep analysis method was applied to a complex engineering problem, a prestressed con- 
crete reactor vessel subjected to a realistic loading history. 

Finally, we note that the proposed creep model has sufficient flexibility to describe qualitatively 
all predominant creep phenomena in concrete, provided that strain depends linearly on stress history. 
Extension to the nonlinear range is possible, but the structure of the constitutive equations is no 
longer unique. At the present time available creep data of the Wylfa concrete do not suffice to 
identify the model parameters as functions of humidity and transient environments, where additional 
effects such as transitional thermal creep and drying creep have been observed. 
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Appendix. Summation model for Wylfa concrete 

The creep strain increment Aiy in the time step Atj is made up of five components 

Ajy = Aje + AjqF -I- AiqD -I- Aij77* + AiqI1 , (4.2) 

whose parameters are summarized below for the Wylfa concrete [24, 251. 

1. Elastic component: Ajio = E(tj, Tj)Aje (4.8) 

Time and temperature dependence of the elastic compliance are shown in fig. 5.6 for the param- 
eters of (3.10) with 

E(tj, q) = 5 {a,(T,,) + [a&TV, ) - ai(T&] j;i } exp(-citj) , Fj = (Tj - 20)/75 , (A.1) 
i=l 

and 

i ‘i ai(r& ai(Tg5 1 a&‘r*o) 

1 0 0.113 31.168 
2 0.3 64.791 -64.791 
3 0.03 0.819 10.280 
4 0.003 0 1.092 
5 0.0003 10.766 -10.687 
6 0.00003 25.248 -13.271 

______ 

2. HOW component: AjqF = Aia(ti)W[ti, ?I Ait 

(A.21 

(4.11) 

Time and temperature dependence of the flow compliance are shown in fig. 5.7 for the param- 
eters of eq. (3.5 1) 

A; = 0.025 , W(tj, Tj) = t,:“.975(471 - 471Fj), Fj = (Tj - 20)/75 . 64.3) 

3. Delayed component: AjsD = ti$ [P(Q, 5) + A& 7Jl, (4.13) 

Time and temperature dependence of the delayed elastic compliance are shown in fig. 5.8 for 
the parameters of eq. (3.53). The single step recursion formula (4.14) expresses p,. in terms of 
/.L_, and the increment Aj_l I-( according to eq. (4.17) for non-aging behaviour: 

AEr(tj, Tj>a = 
2~(Tj>o<t,‘) 

h [ 1 - exp(-A, Ait) 
01 

and 

(A.4) 
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From (3.34) and (3.47) the governing parameters X, and $I, are 

i b %YC~zo) 9JTSS) - %J~zo) _________-. 
---___ 1 3.0 11.7 22.8 

2 0.3 0.865 7.265 
3 0.03 0.0 0.672 (A.51 

4 0.003 0.019 0.048 
5 0.0003 0.0018 0.0055 

4. Thermal component: Ainr = a<ti, Ti) AiT (4.18) 

For this particular concrete with calcitic aggregate a constant coefficient of instantaneous thermal 
expansion is used: 

5. 

a<ti, Ti) = 6 X 10d6 = const. (A-6) 

Hygral component: AiqH = P(ti, Hi)AiT (4.20) 

The moisture dependence of the coefficient of instantaneous hygral expansion is shown in fig. 
5.4 as proposed in [ 381 : 

fl(tj, Hi) = 00 (1 - 0.95H3 - 0.25H2’) , PO = 7 X 10-a , 0 G H d 1 . (A.7) 
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