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This project investigated four flood frequency analysis models for annual peak mean daily flows on the 
North Fork Virgin River in Zion National Park, UT. Two of the methods, stationary and non-stationary GEV 
distributions, are traditional methods that have been explored through other research (Coles S. 2001, Katz 
2010, Condon et al. 2014). This project found that a non-stationary GEV distribution with the location and 
scale changing as a function of mean daily precipitation offered improvements over the stationary GEV 
model. It also was apparent that the median annual exceedance probabilities for high flows for the non-
stationary model was lower than that for the stationary GEV distribution. The two other methods, 
stationary and non-stationary hidden Markov models with states as GEV distributions, have been less 
explored in literature. This project found that both a stationary and non-stationary two state HMM-GEV 
with only the location changing between states represented the historical data fairly well. It appeared the 
models might have explained possible historical shifts in higher median peak annual flows. These HMM-
GEV models, however, need to be investigated further over a wider variety of sites and with more than 
two states.  
 ____________________________________________________________________________________ 

 
Introduction 
 
Statistical methods used to determine high flow magnitudes and frequencies are crucial in hydrologic 
design. Flood analysis can give valuable insight into structure design requirements, safety risks posed to 
the public, and other potential impacts of probable floods (Chow and Maidment 1998). In the famous 
water resource paper “Stationarity Is Dead: Whither Water Management”, it is argued that stationary 
methods and distributions are no longer appropriate in flood frequency analysis – the magnitude and 
return periods of flows will be changing as the climate factors that drive the hydrologic cycle change (Milly 
et al. 2008). The purpose of this project is to investigate a traditional and a non-traditional flood frequency 
model using stationary and non-stationary methods to improve flood forecast planning for the North Fork 
Virgin R. in Zion National Park, Utah.  
 
A variety of stationary and non-stationary flood analysis techniques have been widely used and 
researched.  The United States Federal government recommends the use of a three parameter log-Person 
Type III (LP3) distribution on above threshold flows or peak annual flows with a regional skew coefficient 
and weighting (Griffis and Stedinger 2007). This stationary technique has been the guideline in the United 
States since 1982. This federal code suggests that other methods can be used in flood analysis, as long as 
the process is justified and compared with the federal recommendations (IACWD 1982). Numerous other 
distributions have been studied (Millington et al. 2011). Vogel et al. (2008) investigated the use of a variety 
of distributions for flood frequency analysis in the US; it was found that the three parameter generalized 
extreme value distribution (GEV) and the two and three parameter log normal curves (LN2 and LN3) were 
comparable to the federally recommended LP3. Karim and Chowdhury (1995) found that the three 
parameter GEV was a more adequate model for flood frequency analysis in Bangladesh compared to LN2 
and LP3 distributions. Recent research has demonstrated the improvements offered through a non-



stationary GEV distribution, or a GEV distribution where the parameters are a function of time or covariate 
climate indices (Coles S. 2001, Katz 2010, Condon et al. 2014).  
 
While used frequently in hydrology, a statistical method that has largely not been investigated in the field 
of hydrologic extremes is the use of hidden Markov models (HMM). In these models, it is assumed that a 
time series is described by an underlying Markov chain with states as probability distribution functions. 
The probability of being in a state can be a result of a random probability transition matrix (as in a 
traditional Markov chain) or from a logistic model that is a function of covariates (non-stationary) (Bracken 
et al. 2014). A variety of distributions and applications have been demonstrated for these hidden Markov 
Models (Bracken et al. 2014, Zucchini and Guttorp 1991, Evin et al. 1991). While Sun et al. (2013) and 
Pender et al. (2015) have investigated the use of hidden Markov models with GEV states, little research 
has been conducted to investigate the potential applications of non-stationary HMM-GEV to flood 
frequency analysis.  
 
The purpose of this project is to perform annual maximum flood frequency analysis on the N. Fork Virgin 
River (USGS 09405500) using four methods: 
  
 1. Stationary GEV 
 2. Non-stationary GEV 
 3. Stationary HMM-GEV 
 4. Non-stationary HMM-GEV 
 

Data 
 
This analysis will be performed on annual peak mean daily flows for the North Fork Virgin River in Zion 
National Park, Utah (USGS gauge site 09405500). Flow values were obtained from the USGS website. 
Mean daily flows, expressed in cubic feet per second, were available on a daily timescale from 1928 to 
2016 (USGS 2016).  
 
Historical ‘observed’ covariate data was downscaled Livneh data provided by the Bureau of Reclamation. 
Livneh data is spatially gridded climate data that has been derived from approximately 20,000 NOAA 
observatory sites across the US. It is gridded at a spatial resolution of 1/16 degree latitude/longitude 
(Livneh et al. 2013). For this study, mean daily precipitation (expressed in millimeter), max temperature, 
and minimum temperature (both expressed in Celsius) were used as observed covariates. The data was 
available on a daily time scale from 1950 to 2005. 
 
Future covariate data was downscaled CMIP5 data provided by the Bureau of Reclamation. This CMIP5 
data set contained an ensemble of data from 64 GCM models that use different factors and scenarios to 
model variables (Taylor et al. 2011). For this study, mean daily precipitation (expressed in millimeters), 
max temperature, and minimum temperature (both expresses in Celsius) were used as forecasted 
covariates.   The data was available on a daily time scale from 1950 to 2099. 
 

Method 
 

Generalized Extreme Value Distributions  
For stationary and non-stationary GEV models, annual peak flow data was fit to the GEV distribution (eq 
1) below using Eric Gilleland’s 2016 R package ‘extRemes’. μ is the distribution location, σ is the 



distribution scale, and ε the distribution shape. Parameters were fit using the method of maximum 
likelihood.  

𝐺(𝑧) = 1 − 𝑒𝑥𝑝 {− [1 − 𝜀
(𝑧−𝜇)

𝜎
]

−1

𝜀
} ……………………………………………………………………………………………. eq 1 

 
For the nonstationary GEV model, the location and scale were linear functions of the covariates (x) (eq 2 
and eq 3). The shape was kept constant to maintain physically realistic distributions (eq 4). It is important 
to note that the logarithm of the scale was modeled in order to maintain a positive scale factor. Beta 
values were solved using the method maximum likelihood.  
 

𝜇(𝑡) =  𝛽0,𝜇 + 𝛽1,𝜇𝑥1 +⋯+ 𝛽𝑛,𝜇𝑥𝑛………………………………………………………………………………………………..eq 2 

 

log⁡(𝜎(𝑡)) =  𝛽0,𝜎 + 𝛽1,𝜎𝑥1 +⋯+ 𝛽𝑛,𝜎𝑥𝑛……………………………………………………………………………………….eq 3 
 
𝜀 = 𝛽0,𝜀…………………………………………………………………………………………………………………………………………….eq 4 
 
 
The data was fit to over 36 non-stationary GEV models and 1 stationary model, each with a unique 
combination of covariates used to model either the location, scale, or both the location and scale 
parameters. Likelihood ratio tests, Akaiki information criteria (AIC), and quantile-quantile plots were used 
to determine the best model.  
 
After the best model selection process, the model was applied to the CMIP ensemble between 2020 and 
2099. With 64 models, 5120 GEV distribution were obtained – one for each year of each trace. A 
distribution of return flows and exceedance probabilities for specific flows could be obtained from these 
GEV distributions.  
 

Hidden Markov Model with Generalized Extreme Value Distributions 
Stationary and non-stationary HMM-GEV models were fit using the ‘extRemes’ package and David Harte’s 
2017 R package ‘HiddenMarkov’. Hidden Markov parameters were determined using the Baum-Welch 
algorithm (Baum et al. 1970). For the non-stationary model, a logistic regression was used to determine 
the probability of being in a specific state as a function of the covariates. AIC was used as criteria for the 
best logistic model selection.   
 
The stationary HMM-GEV model was simulated using the ‘HiddenMarkov’ package. The transition 
probability matrix and a random number (from a uniform distribution) between 0 and 1 determine the 
state of the model in the next time step. A sample is then pulled from that GEV distribution. This 
simulation was repeated several thousand times with a resulting distribution of extreme flows.  
 
Similarly, the non-stationary HMM-GEV was simulated. First, the logistic regression model was used to 
predict the probability of being in a state at a specific time step using the observed covariates. Then, at 
each time-step in the simulation, a random number between 0 and 1 (from a uniform distribution) was 
generated to determine the GEV state at that time-step. A sample was then pulled from that GEV 
distribution. This was repeated several thousand times for the historical record, and a simulated 
distribution of annual maximum flows at each year was determined. This process is outlined in more detail 
in Bracken et al. 2014.    
 



Results and Discussion 
Generalized Extreme Value Distributions  
 
The best model selected for annual peak mean daily 
flows is shown in figure 1. The best model was non-
stationary where the location and scale parameters 
were linear functions of annual average daily 
precipitation. The shape was kept constant. A likelihood 
ratio test with the negative log likelihood value of the 
stationary GEV model indicated strong evidence to 
reject the stationary model. The AIC of 827.81 compared 
to the stationary GEV model AIC of 834.89 confirms this. 

A quantile-quantile plot comparing the stationary 
model and the best nonstationary model are shown 
in figure 2. This is a clear visual justification for the 
improvements offered by the non-stationary 
model. It is interesting to note that both models had 
a difficult time accounting for the largest extreme 
flow.  
 
This best model was fit to the historical covariate 
data. The corresponding annual 1% exceedance 
flows (red), annual 5% exceedance flows (blue), and 
observed flows (black) were plotted. Both best 
model (dashed lines) and stationary model (solid 
lines) return levels were included for comparison. 
This is displayed in figure 3 below.  
 

 
Figure 3 Observed flows (black) with stationary (solid) and nonstationary (dashed)  5% and 1% annual exceedance flows 

It is apparent the nonstationary model does seem to follow some of the peaks (particularly when you look 
at the lower 2 year events) well. When comparing the non-stationary and stationary return levels. The 

Figure 1: Stationary GEV Q-Q plot (left) and Non-Stationary 
GEV Q-Q plot (right) 

Figure 2: Best GEV model selection 



stationary model generally has a higher return level on most of the years – however certain covariate 
conditions result in an occasional higher nonstationary return level.   This best model was then applied to 
future CMIP data between 2020 and 2099. The distributions for exceedance probabilities of critical flows 
are shown below in figure 4.  The red lines are the stationary exceedance probabilities. It is clear the 
stationary models have significantly higher exceedance probabilities than the non-stationary GEV model 
for high flows.  
 

 
Figure 4: The distribution of exceedance probabilities for critical flows generated from the non-stationary GEV model with CMIP 
covariates. The stationary exceedance probability is also included (red). 

 

Hidden Markov Model with Generalized Extreme Value Distributions 
 
The stationary model parameters and corresponding transition probability matrix 
determined by the Baum-Welch algorithm are shown in figure 5. The model has only 
been successful in determining parameters for a two-state hidden Markov model. It 
is important to note the two states only differ by their location values. When the scale 
was also adjusted, the log likelihood decreased from -413.1 to -441.0, indicating a 
worse model. The two states and their scaled density functions are shown on the left 
figure 6 below. The graph on the right is depicting the most likely states for the 
observed data. It is clear that 
there are some groupings of 
points more likely to correspond 
to state 2, where there does 
appear to be a generally higher 
shift in the median return level.  
 
The stationary HMM-GEV model 
was simulated with the results 
shown in figure 7. This model 
appears to perform well when 
compared with the observed. 
The model results in slightly 
lower 75th and 95th percentiles.  
 
 

Figure 5: HMM GEV state 
parameters and TPM 

Figure 6: Two state HMM distribution (left). Decoded historical observations (right) 



 
 
 

The same states in the stationary HMM-GEV model were used in the non-stationary HMM-GEV model. 
Using the decoded states of the observed data as the response variable, and the covariate data available 
for the observed data as predictors, a best logistic model, eq 5, was obtained using the covariates below.  
 
𝑙𝑜𝑔𝑖𝑡(𝑝𝑡) = 16.90 − 1.66(𝑀𝑎𝑥𝑇𝑡) + 2.55(𝑃𝑟𝑡−1) + 20.62(𝑚𝑡−1) − 18.91(𝑚𝑡−2)…………………………eq 5 

MaxT = annual average max daily temperature (C) 
Pr = annual average daily rainfall (mm) 
m = Markov GEV state 

 
The simulation results from the non-stationary GEV model is shown below in figure 8. The annual boxplots 
seem to capture some potential shifts in the median annual peak flow. There are two low periods in the 
early 1990s and late 1990s that do not seem to be captured as well. The simulated distributions compared 
to the observed appears to be a reasonable fit.  

 

Figure 7: Simulate stationary HMM-GEV results. Left figure compares the simulated (left) with observed (right). The model on the 
right compares pdfs of simulate vs observed (red).  

Figure 8: Annual simulated results compared to observed (red) 



Summary 

 

This project investigated four flood frequency analysis models for annual peak mean daily flows on the 

North Fork Virgin River in Zion National Park, UT. Two of the methods, stationary and non-stationary GEV 

distributions are traditional methods that have been explored in other research. This project found that a 

non-stationary GEV distribution with the location and scale changing as a function of mean daily 

precipitation offered improvements over the stationary GEV model. It also was apparent that the median 

annual exceedance probabilities for future critical flows is lower than what is predicted with the stationary 

GEV distributions.  

The two other methods, stationary and non-stationary hidden Markov models with states as GEV 

distributions, have been less explored in literature. This project found that both a stationary and non-

stationary two state HMM-GEV with only the location changing between states represented the historical 

data fairly well. It appeared the models might have explained possible historical shifts in higher median 

peak annual flows.  

Further investigation and work needs to be done for HMM-GEV models. Analysis at other sites should be 

completed – the North Fork often responds to large short storms that annual climate shifts might not 

explain well. This project also did not use the HMM-GEV model for the CMIP projections, which would be 

interesting to investigate. A HMM model with more than two states should also be investigated. Seasonal 

analysis might also be interesting as shifts in seasonal timing might be capture by a shift in states in the 

HMM-GEV model.  
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