
CHAPTER 2

Hidden Markov models: definition
and properties

2.1 A simple hidden Markov model

Consider again the observed earthquake series displayed in Figure 1.1 on
p. 4. The observations are unbounded counts, making the Poisson distri-
bution a natural choice to describe them. However, the sample variance
of the observations is substantially greater than the sample mean, indi-
cating overdispersion relative to the Poisson. In Exercise 1 of Chapter
1 we saw that one can accommodate overdispersion by using a mixture
model, specifically a mixture of Poisson distributions for this series.

We suppose that each count is generated by one of m Poisson distri-
butions, with means λ1, λ2, . . . , λm, where the choice of mean is made
by a second random mechanism, the parameter process. The mean λi

is selected with probability δi, where i = 1, 2, . . . , m and
∑m

i=1 δi = 1.
The variance of the mixture model is greater than its expectation, which
takes care of the problem of overdispersion.

An independent mixture model will not do for the earthquake series
because — by definition — it does not allow for the serial dependence
in the observations. The sample autocorrelation function, displayed in
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Figure 2.1 Earthquakes series: sample autocorrelation function (ACF).
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30 HMMs: DEFINITION AND PROPERTIES

Figure 2.1, gives a clear indication that the observations are serially de-
pendent. One way of allowing for serial dependence in the observations
is to relax the assumption that the parameter process is serially indepen-
dent. A simple and mathematically convenient way to do so is to assume
that it is a Markov chain. The resulting model for the observations is
called a Poisson–hidden Markov model, a simple example of the class of
models discussed in the rest of this book, namely hidden Markov models
(HMMs).

We shall not give an account here of the (interesting) history of such
models, but two valuable sources of information on HMMs that go far
beyond the scope of this book, and include accounts of the history, are
Ephraim and Merhav (2002) and Cappé, Moulines and Rydén (2005).

2.2 The basics

2.2.1 Definition and notation

X1 X2 X3 X4

C1 C2 C3 C4

Figure 2.2 Directed graph of basic HMM.

A hidden Markov model {Xt : t ∈ N} is a particular kind of
dependent mixture. With X(t) and C(t) representing the histories from
time 1 to time t, one can summarize the simplest model of this kind by:

Pr(Ct | C(t−1)) = Pr(Ct | Ct−1), t = 2, 3, . . . (2.1)

Pr(Xt | X(t−1),C(t)) = Pr(Xt | Ct), t ∈ N. (2.2)

The model consists of two parts: firstly, an unobserved ‘parameter pro-
cess’ {Ct : t = 1, 2, . . . } satisfying the Markov property, and secondly
the ‘state-dependent process’ {Xt : t = 1, 2, . . . } such that, when Ct is
known, the distribution of Xt depends only on the current state Ct and
not on previous states or observations. This structure is represented by
the directed graph in Figure 2.2. If the Markov chain {Ct} has m states,
we call {Xt} an m-state HMM. Although it is the usual terminology in
speech-processing applications, the name ‘hidden Markov model’ is by
no means the only one used for such models or similar ones. For instance,
Ephraim and Merhav (2002) argue for ‘hidden Markov process’, Leroux
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THE BASICS 31

and Puterman (1992) use ‘Markov-dependent mixture’, and others use
‘Markov-switching model’ (especially for models with extra dependencies
at the level of the observations Xt), ‘models subject to Markov regime’,
or ‘Markov mixture model’.

Markov chain

state 1 state 2
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Figure 2.3 Process generating the observations in a two-state HMM. The chain
followed the path 2,1,1,1,2,1, as indicated on the left. The corresponding state-
dependent distributions are shown in the middle. The observations are gener-
ated from the corresponding active distributions.

The process generating the observations is demonstrated again in Fig-
ure 2.3, for state-dependent distributions p1 and p2, stationary distribu-

tion δ = (0.75, 0.25), and t.p.m. Γ =
(

0.9 0.1
0.3 0.7

)
. In contrast to the

case of an independent mixture, here the distribution of Ct, the state at
time t, does depend on Ct−1. As is also true of independent mixtures,
there is for each state a different distribution, discrete or continuous.

We now introduce some notation which will cover both discrete- and
continuous-valued observations. In the case of discrete observations we
define, for i = 1, 2, . . . , m,

pi(x) = Pr(Xt = x | Ct = i).

That is, pi is the probability mass function of Xt if the Markov chain
is in state i at time t. The continuous case is treated similarly: there
we define pi to be the probability density function of Xt if the Markov
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32 HMMs: DEFINITION AND PROPERTIES

chain is in state i at time t. We refer to the m distributions pi as the
state-dependent distributions of the model. Many of our results are
stated only in the discrete form, but, if probabilities are interpreted as
densities, apply also to the continuous case.

2.2.2 Marginal distributions

We shall often need the distribution of Xt and also higher-order marginal
distributions, such as that of (Xt, Xt+k). We shall derive the results for
the case in which the Markov chain is homogeneous but not necessarily
stationary, and then give them as well for the special case in which the
Markov chain is stationary. For convenience the derivation is given only
for discrete state-dependent distributions; the continuous case can be
derived analogously.

Univariate distributions

For discrete-valued observations Xt, defining ui(t) = Pr(Ct = i) for
t = 1, . . . , T , we have

Pr(Xt = x) =
m∑

i=1

Pr(Ct = i) Pr(Xt = x | Ct = i)

=
m∑

i=1

ui(t)pi(x).

This expression can conveniently be rewritten in matrix notation:

Pr(Xt = x) = (u1(t), . . . , um(t))

⎛⎜⎝p1(x) 0
. . .

0 pm(x)

⎞⎟⎠
⎛⎜⎝1

...
1

⎞⎟⎠
= u(t)P(x)1′,

where P(x) is defined as the diagonal matrix with i th diagonal element
pi(x). It follows from Equation (1.3) that u(t) = u(1)Γt−1, and hence
that

Pr(Xt = x) = u(1)Γt−1P(x)1′. (2.3)

Equation (2.3) holds if the Markov chain is merely homogeneous, and
not necessarily stationary. If, as we shall often assume, the Markov chain
is stationary, with stationary distribution δ, then the result is simpler:
in that case δΓt−1 = δ for all t ∈ N, and so

Pr(Xt = x) = δP(x)1′. (2.4)
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Bivariate distributions

The calculation of many of the distributions relating to an HMM is most
easily done by first noting that, in any directed graphical model, the joint
distribution of a set of random variables Vi is given by

Pr(V1, V2, . . . , Vn) =
n∏

i=1

Pr(Vi | pa(Vi)), (2.5)

where pa(Vi) denotes all the ‘parents’ of Vi in the set V1, V2, . . . , Vn; see
e.g. Davison (2003, p. 250) or Jordan (2004).

Examining the directed graph of the four random variables Xt, Xt+k,
Ct, Ct+k, for positive integer k, we see that pa(Ct) is empty, pa(Xt) =
{Ct}, pa(Ct+k) = {Ct} and pa(Xt+k) = {Ct+k}. It therefore follows
that

Pr(Xt, Xt+k, Ct, Ct+k) = Pr(Ct) Pr(Xt|Ct) Pr(Ct+k|Ct) Pr(Xt+k|Ct+k),

and hence that

Pr(Xt = v, Xt+k = w)

=
m∑

i=1

m∑
j=1

Pr(Xt = v, Xt+k = w, Ct = i, Ct+k = j)

=
m∑

i=1

m∑
j=1

Pr(Ct = i)︸ ︷︷ ︸
ui(t)

pi(v) Pr(Ct+k = j | Ct = i)︸ ︷︷ ︸
γij(k)

pj(w)

=
m∑

i=1

m∑
j=1

ui(t)pi(v)γij(k)pj(w).

Writing the above double sum as a product of matrices yields

Pr(Xt = v, Xt+k = w) = u(t)P(v)ΓkP(w)1′. (2.6)

If the Markov chain is stationary, this reduces to

Pr(Xt = v, Xt+k = w) = δP(v)ΓkP(w)1′. (2.7)

Similarly one can obtain expressions for the higher-order marginal distri-
butions; in the stationary case, the formula for a trivariate distribution
is, for positive integers k and l,

Pr(Xt = v, Xt+k = w,Xt+k+l = z) = δP(v)ΓkP(w)ΓlP(z)1′.
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34 HMMs: DEFINITION AND PROPERTIES

2.2.3 Moments

First we note that

E(Xt) =
m∑

i=1

E(Xt | Ct = i) Pr(Ct = i) =
m∑

i=1

ui(t)E(Xt | Ct = i),

which, in the stationary case, reduces to

E(Xt) =
m∑

i=1

δiE(Xt | Ct = i).

More generally, analogous results hold for E(g(Xt)) and E(g(Xt, Xt+k)),
for any functions g for which the relevant state-dependent expectations
exist. In the stationary case

E(g(Xt)) =
m∑

i=1

δiE(g(Xt) | Ct = i); (2.8)

and

E(g(Xt, Xt+k)) =
m∑

i,j=1

E(g(Xt, Xt+k) | Ct = i, Ct+k = j) δiγij(k), (2.9)

where γij(k) = (Γk)ij , for k ∈ N. Often we shall be interested in a
function g which factorizes as g(Xt, Xt+k) = g1(Xt)g2(Xt+k), in which
case Equation (2.9) becomes

E(g(Xt, Xt+k)) =
m∑

i,j=1

E(g1(Xt) | Ct = i) E(g2(Xt+k) | Ct+k =j) δiγij(k).

(2.10)
These expressions enable us, for instance, to find covariances and cor-

relations without too much trouble; convenient explicit expressions exist
in many cases. For instance, the following conclusions result in the case
of a stationary two-state Poisson–HMM:

• E(Xt) = δ1λ1 + δ2λ2;

• Var(Xt) = E(Xt) + δ1δ2(λ2 − λ1)2 ≥ E(Xt);

• Cov(Xt, Xt+k) = δ1δ2(λ2 − λ1)2(1 − γ12 − γ21)k , for k ∈ N.

Notice that the resulting formula for the correlation of Xt and Xt+k is
of the form ρ(k) = A(1 − γ12 − γ21)k with A ∈ [0, 1), and that A = 0 if
λ1 = λ2. For more details, and for more general results, see Exercises 3
and 4.
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2.3 The likelihood

The aim of this section is to develop an explicit (and computable) for-
mula for the likelihood LT of T consecutive observations x1, x2, . . . ,
xT assumed to be generated by an m-state HMM. That such a for-
mula exists is indeed fortunate, but by no means obvious. We shall see
that the computation of the likelihood, consisting as it does of a sum of
mT terms, each of which is a product of 2T factors, appears to require
O(TmT ) operations, and several authors have come to the conclusion
that straightforward calculation of the likelihood is infeasible. However,
it has long been known in several contexts that the likelihood is com-
putable: see e.g. Baum (1972), Lange and Boehnke (1983), and Cosslett
and Lee (1985). What we describe here is in fact a special case of a
much more general theory: see Smyth, Heckerman and Jordan (1997) or
Jordan (2004).

It is our purpose here to demonstrate that LT can in general be com-
puted relatively simply in O(Tm2) operations. Once it is clear that the
likelihood is simple to compute, the way will be open to estimate pa-
rameters by numerical maximization of the likelihood.

First the likelihood of a two-state model will be explored, and then
the general formula will be presented.

2.3.1 The likelihood of a two-state Bernoulli–HMM

Example: Consider the two-state HMM with t.p.m.

Γ =

(
1
2

1
2

1
4

3
4

)
and state-dependent distributions given by

Pr(Xt = x | Ct = 1) =
1
2

(for x = 0, 1)

and

Pr(Xt = 1 | Ct = 2) = 1.

We call a model of this kind a Bernoulli–HMM. The stationary distri-
bution of the Markov chain is δ = 1

3 (1, 2). Then the probability that
X1 = X2 = X3 = 1 can be calculated as follows. First, note that, by
Equation (2.5),

Pr(X1, X2, X3, C1, C2, C3)
= Pr(C1) Pr(X1 | C1) Pr(C2 | C1) Pr(X2 | C2) Pr(C3 | C2) Pr(X3 | C3);
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36 HMMs: DEFINITION AND PROPERTIES

Table 2.1 Example of a likelihood computation.

i j k pi(1) pj(1) pk(1) δi γij γjk product

1 1 1 1
2

1
2

1
2

1
3

2
4

2
4

1
96

1 1 2 1
2

1
2 1 1

3
2
4

2
4

1
48

1 2 1 1
2 1 1

2
1
3

2
4

1
4

1
96

1 2 2 1
2 1 1 1

3
2
4

3
4

1
16

2 1 1 1 1
2

1
2

2
3

1
4

2
4

1
48

2 1 2 1 1
2 1 2

3
1
4

2
4

1
24

2 2 1 1 1 1
2

2
3

3
4

1
4

1
16

2 2 2 1 1 1 2
3

3
4

3
4

3
8

29
48

and then sum over the values assumed by C1, C2, C3. The result is

Pr(X1 = 1, X2 = 1, X3 = 1)

=
2∑

i=1

2∑
j=1

2∑
k=1

Pr(X1 = 1, X2 = 1, X3 = 1, C1 = i, C2 = j, C3 = k)

=
2∑

i=1

2∑
j=1

2∑
k=1

δipi(1)γijpj(1)γjkpk(1). (2.11)

Notice that the triple sum (2.11) has mT = 23 terms, each of which is a
product of 2T = 2 × 3 factors. To evaluate the required probability, the
different possibilities for the values of i, j and k can be listed and the
sum (2.11) calculated as in Table 2.1.

Summation of the last column of Table 2.1 tells us that Pr(X1 =
1, X2 = 1, X3 = 1) = 29

48 . In passing we note that the largest element
in the last column is 3

8 ; the state sequence ijk that maximizes the joint
probability

Pr(X1 = 1, X2 = 1, X3 = 1, C1 = i, C2 = j, C3 = k)

is therefore the sequence 222. Equivalently, it maximizes the conditional
probability Pr(C1 = i, C2 = j, C3 = k | X1 = 1, X2 = 1, X3 = 1). This is
an example of ‘global decoding’, which will be discussed in Section 5.3.2:
see p. 82.

But a more convenient way to present the sum is to use matrix nota-
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tion. Let P(u) be defined (as before) as diag(p1(u), p2(u)). Then

P(0) =

(
1
2 0

0 0

)
and P(1) =

(
1
2 0

0 1

)
,

and the triple sum (2.11) can be written as

2∑
i=1

2∑
j=1

2∑
k=1

δipi(1)γijpj(1)γjkpk(1) = δP(1)ΓP(1)ΓP(1)1′.

2.3.2 The likelihood in general

Here we consider the likelihood of an HMM in general. We suppose there
is an observation sequence x1, x2, . . . , xT generated by such a model. We
seek the probability LT of observing that sequence, as calculated under
an m-state HMM which has initial distribution δ and t.p.m. Γ for the
Markov chain, and state-dependent probability (density) functions pi.
In many of our applications we shall assume that δ is the stationary dis-
tribution implied by Γ, but it is not necessary to make that assumption
in general.

Proposition 1 The likelihood is given by

LT = δP(x1)ΓP(x2)ΓP(x3) · · ·ΓP(xT )1′. (2.12)

If δ, the distribution of C1, is the stationary distribution of the Mar-
kov chain, then in addition

LT = δΓP(x1)ΓP(x2)ΓP(x3) · · ·ΓP(xT )1′. (2.13)

Before proving the above proposition, we rewrite the conclusions in a
notation which is sometimes useful. For t = 1, . . . , T , let the matrix Bt

be defined by Bt = ΓP(xt). Equations (2.12) and (2.13) (respectively)
can then be written as

LT = δP(x1)B2B3 · · ·BT 1′

and
LT = δB1B2B3 · · ·BT 1′.

Note that in the first of these equations δ represents the initial distribu-
tion of the Markov chain, and in the second the stationary distribution.

Proof. We present only the case of discrete observations. First note that

LT = Pr(X(T ) = x(T )) =
m∑

c1,c2,...,cT =1

Pr(X(T ) = x(T ),C(T ) = c(T )),
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38 HMMs: DEFINITION AND PROPERTIES

and that, by Equation (2.5),

Pr(X(T ),C(T )) = Pr(C1)
T∏

k=2

Pr(Ck | Ck−1)
T∏

k=1

Pr(Xk | Ck). (2.14)

It follows that

LT =
m∑

c1,...,cT =1

(
δc1γc1,c2γc2,c3 · · · γcT−1,cT

)
(pc1(x1)pc2(x2) · · · pcT

(xT ))

=
m∑

c1,...,cT =1

δc1pc1(x1)γc1,c2pc2(x2)γc2,c3 · · · γcT−1,cT
pcT

(xT )

= δP(x1)ΓP(x2)ΓP(x3) · · ·ΓP(xT )1′,

i.e. Equation (2.12). If δ is the stationary distribution of the Markov
chain, we have δP(x1) = δΓP(x1) = δB1, hence Equation (2.13), which
involves an extra factor of Γ but may be slightly simpler to code.

In order to set out the likelihood computation in the form of an algo-
rithm, let us now define the vector αt, for t = 1, 2, . . . , T , by

αt = δP(x1)ΓP(x2)ΓP(x3) · · ·ΓP(xt) = δP(x1)
t∏

s=2

ΓP(xs), (2.15)

with the convention that an empty product is the identity matrix. It
follows immediately from this definition that

LT = αT 1′, and αt = αt−1ΓP(xt) for t ≥ 2.

Accordingly, we can conveniently set out as follows the computations
involved in the likelihood formula (2.12):

α1 = δP(x1);

αt = αt−1ΓP(xt) for t = 2, 3, . . . , T ;
LT = αT 1′.

That the number of operations involved is of order Tm2 can be deduced
thus. For each of the values of t in the loop, there are m elements of αt

to be computed, and each of those elements is a sum of m products of
three quantities: an element of αt−1, a transition probability γij , and a
state-dependent probability (or density) pj(xt).

The corresponding scheme for computation of (2.13) (i.e. if δ, the
distribution of C1, is the stationary distribution of the Markov chain) is

α0 = δ;

αt = αt−1ΓP(xt) for t = 1, 2, . . . , T ;
LT = αT 1′.
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The elements of αt are usually referred to as forward probabilities;
the reason for this name will appear only later, in Section 4.1.1.

HMMs are not Markov processes

HMMs do not in general satisfy the Markov property. This we can now
establish via a simple counterexample. Let Xt and Ct be as defined in
the example in Section 2.3.1. We already know that

Pr(X1 = 1, X2 = 1, X3 = 1) =
29
48

,

and from the above general expression for the likelihood, or otherwise,
it can be established that Pr(X2 = 1) = 5

6 , and that

Pr(X1 = 1, X2 = 1) = Pr(X2 = 1, X3 = 1) =
17
24

.

It therefore follows that

Pr(X3 = 1 | X1 = 1, X2 = 1) =
Pr(X1 = 1, X2 = 1, X3 = 1)

Pr(X1 = 1, X2 = 1)

=
29/48
17/24

=
29
34

,

and that

Pr(X3 = 1 | X2 = 1) =
Pr(X2 = 1, X3 = 1)

Pr(X2 = 1)

=
17/24
5/6

=
17
20

.

Hence Pr(X3 = 1 | X2 = 1) �= Pr(X3 = 1 | X1 = 1, X2 = 1); this HMM
does not satisfy the Markov property. That some HMMs do satisfy the
property, however, is clear. For instance, a two-state Bernoulli–HMM
can degenerate in obvious fashion to the underlying Markov chain; one
simply identifies each of the two observable values with one of the two
underlying states. For the conditions under which an HMM will itself
satisfy the Markov property, see Spreij (2001).

2.3.3 The likelihood when data are missing at random

In a time series context it is potentially awkward if some of the data are
missing. In the case of hidden Markov time series models, however, the
adjustment that needs to be made to the likelihood computation if data
are missing turns out to be a simple one.

Suppose, for example, that one has available the observations x1, x2,
x4, x7, x8, . . . , xT of an HMM, but the observations x3, x5 and x6 are
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missing at random. Then the likelihood is given by

Pr(X1 = x1, X2 = x2, X4 = x4, X7 = x7, . . . , XT = xT )

=
∑

δc1γc1,c2γc2,c4(2)γc4,c7(3)γc7,c8 · · · γcT−1,cT

×pc1(x1)pc2(x2)pc4(x4)pc7(x7) · · · pcT
(xT ),

where (as before) γij(k) denotes a k-step transition probability, and the
sum is taken over all ct other than c3, c5 and c6. But this is just∑

δc1pc1(x1)γc1,c2pc2(x2)γc2,c4(2)pc4(x4)γc4,c7(3)pc7(x7)

· · · × γcT−1,cT
pcT

(xT )
= δP(x1)ΓP(x2)Γ2P(x4)Γ3P(x7) · · ·ΓP(xT )1′.

With L
−(3,5,6)
T denoting the likelihood of the observations other than x3,

x5 and x6, our conclusion is therefore that

L
−(3,5,6)
T = δP(x1)ΓP(x2)Γ2P(x4)Γ3P(x7) · · ·ΓP(xT )1′.

The easiest way to summarize this conclusion is to say that, in the ex-
pression for the likelihood, the diagonal matrices P(xt) corresponding to
missing observations xt are replaced by the identity matrix; equivalently,
the corresponding state-dependent probabilities pi(xt) are replaced by 1
for all states i.

The fact that, even in the case of missing observations, the likelihood
of an HMM can be easily computed is especially useful in the derivation
of conditional distributions, as will be shown in Section 5.1.

2.3.4 The likelihood when observations are interval-censored

Suppose that we wish to fit a Poisson–HMM to a series of counts, some
of which are interval-censored. For instance, the exact value of xt may
be known only for 4 ≤ t ≤ T , with the information x1 ≤ 5, 2 ≤ x2 ≤ 3
and x3 > 10 available about the remaining observations. For simplicity,
let us first assume that the Markov chain has only two states. In that
case, one replaces the diagonal matrix P(x1) in the likelihood expression
(2.12) by the matrix

diag(Pr(X1 ≤ 5 | C1 = 1), Pr(X1 ≤ 5 | C1 = 2)),

and similarly for P(x2) and P(x3).
More generally, suppose that a ≤ xt ≤ b, where a may be −∞ (al-

though that is not relevant to the Poisson case), b may be ∞, and
the Markov chain has m states. One replaces P(xt) in the likelihood
by the m × m diagonal matrix of which the i th diagonal element is
Pr(a ≤ Xt ≤ b | Ct = i). See Exercise 12. It is worth noting that missing
data can be regarded as an extreme case of such interval-censoring.
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Exercises

1. Consider a stationary two-state Poisson–HMM with parameters

Γ =
(

0.1 0.9
0.4 0.6

)
and λ = (1, 3).

In each of the following ways, compute the probability that the first
three observations from this model are 0, 2, 1.

(a) Consider all possible sequences of states of the Markov chain that
could have occurred. Compute the probability of each sequence,
and the probability of the observations given each sequence.

(b) Apply the formula

Pr(X1 = 0, X2 = 2, X3 = 1) = δP(0)ΓP(2)ΓP(1)1′,

where

P(s) =
(

λs
1e

−λ1/s! 0
0 λs

2e
−λ2/s!

)
=
(

1se−1/s! 0
0 3se−3/s!

)
.

2. Consider again the model defined in Exercise 1. In that question you
were asked to compute Pr(X1 = 0, X2 = 2, X3 = 1). Now compute
Pr(X1 = 0, X3 = 1) in each of the following ways.

(a) Consider all possible sequences of states of the Markov chain that
could have occurred. Compute the probability of each sequence,
and the probability of the observations given each sequence.

(b) Apply the formula

Pr(X1 =0, X3 =1) = δP(0)ΓI2ΓP(1)1′ = δP(0)Γ2P(1)1′,

and check that this probability is equal to your answer in (a).

3. Consider an m-state HMM {Xt : t = 1, 2, . . .}, based on a station-
ary Markov chain with transition probability matrix Γ and station-
ary distribution δ = (δ1, δ2, . . . , δm), and having (univariate) state-
dependent distributions pi(x). Let μi and σ2

i denote the mean and
variance of the distribution pi, μ the vector (μ1, μ2, . . . , μm), and M
the matrix diag(μ).

Derive the following results for the moments of {Xt}. (Sometimes,
but not always, it is useful to express such results in matrix form.)

(a) E(Xt) =
∑m

i=1 δiμi = δμ′.
(b) E(X2

t ) =
∑m

i=1 δi(σ2
i + μ2

i ).
(c) Var(Xt) =

∑m
i=1 δi(σ2

i + μ2
i ) − (δμ′)2.

(d) If m = 2, Var(Xt) = δ1σ
2
1 + δ2σ

2
2 + δ1δ2(μ1 − μ2)2.
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(e) For k ∈ N, i.e. for positive integers k,
E(XtXt+k) =

∑m
i=1

∑m
j=1 δiμiγij(k)μj = δMΓkμ′.

(f) For k ∈ N,

ρ(k) = Corr(Xt, Xt+k) =
δMΓkμ′ − (δμ′)2

Var(Xt)
.

Note that, if the eigenvalues of Γ are distinct, this is a linear com-
bination of the k th powers of those eigenvalues.

Timmermann (2000) and Frühwirth-Schnatter (2006, pp. 308–312)
are useful references for moments.

4. (Marginal moments and autocorrelation function of a Poisson–HMM:
special case of Exercise 3.) Consider a stationary m-state Poisson–
HMM {Xt : t = 1, 2, . . .} with transition probability matrix Γ and
state-dependent means λ = (λ1, λ2, . . . , λm). Let δ = (δ1, δ2, . . . , δm)
be the stationary distribution of the Markov chain. Let Λ = diag(λ).
Derive the following results.

(a) E(Xt) = δλ′.
(b) E(X2

t ) =
∑m

i=1(λ
2
i + λi)δi = δΛλ′ + δλ′.

(c) Var(Xt) = δΛλ′ +δλ′− (δλ′)2 = E(Xt)+δΛλ′− (δλ′)2 ≥ E(Xt).
(d) For k ∈ N, E(XtXt+k) = δΛΓkλ′.
(e) For k ∈ N,

ρ(k) = Corr(Xt, Xt+k) =
δΛΓkλ′ − (δλ′)2

δΛλ′ + δλ′ − (δλ′)2
.

(f) For the case m = 2, ρ(k) = Awk, where

A =
δ1δ2(λ2 − λ1)2

δ1δ2(λ2 − λ1)2 + δλ′

and w = 1 − γ12 − γ21.

5. Consider the three-state Poisson–HMM {Xt} with state-dependent
means λi (i = 1, 2, 3) and transition probability matrix

Γ =

⎛⎝ 1/3 1/3 1/3
2/3 0 1/3
1/2 1/2 0

⎞⎠ .

Assume that the Markov chain is stationary.
Show that the autocorrelation ρ(k) = Corr(Xt, Xt+k) is given by

(− 1
3 )k
{

3(−5λ1−3λ2+8λ3)2+180(λ2−λ1)2
}

+k(− 1
3 )k−1

{
4(−5λ1−3λ2+8λ3)(λ2−λ1)

}
32
{

15(λ2
1+λ1)+9(λ2

2+λ2)+8(λ2
3+λ3)

}
−(15λ1+9λ2+8λ3)2

.
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Notice that, as a function of k, this (rather tedious!) expression is a
linear combination of (− 1

3 )k and k(− 1
3 )k−1. (This is an example of a

non-diagonalizable t.p.m. In practice such cases are not likely to be
of interest.)

6. We have the general expression

LT = δP(x1)ΓP(x2) · · ·ΓP(xT )1′

for the likelihood of an HMM, e.g. of Poisson type. Consider the spe-
cial case in which the Markov chain degenerates to a sequence of
independent random variables, i.e. an independent mixture model.
Show that, in this case, the likelihood simplifies to the expression
given in Equation (1.1) for the likelihood of an independent mixture.

7. Consider a multiple sum S of the following general form:

S =
m∑

i1=1

m∑
i2=1

. . .

m∑
iT =1

f1(i1)
T∏

t=2

ft(it−1, it).

For i1 = 1, 2, . . . , m, define

α1(i1) ≡ f1(i1);

and for r = 1, 2, . . . , T − 1 and ir+1 = 1, 2, . . . , m, define

αr+1(ir+1) ≡
m∑

ir=1

αr(ir) fr+1(ir, ir+1).

That is, the row vector αr+1 is defined by, and can be computed as,
αr+1 = αr Fr+1, where the m×m matrix Ft has (i, j) element equal
to ft(i, j).

(a) Show by induction that αT (iT ) is precisely the sum over all but
iT , i.e. that

αT (iT ) =
∑
i1

∑
i2

. . .
∑
iT−1

f1(i1)
T∏

t=2

ft(it−1, it).

(b) Hence show that S =
∑

iT
αT (iT ) = αT 1′ = α1F2F3 · · ·FT 1′.

(c) Does this result generalize to nonconstant m?

8.(a) In Section 1.3.3 we defined reversibility for a random process, and
showed that the stationary Markov chain with the t.p.m. Γ given
below is not reversible.

Γ =

⎛⎝ 1/3 1/3 1/3
2/3 0 1/3
1/2 1/2 0

⎞⎠ .
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Now let {Xt} be the stationary HMM with Γ as above, and having
Poisson state-dependent distributions with means 1, 5 and 10; e.g.
in state 1 the observation Xt is distributed Poisson with mean 1.
By finding the probabilities Pr(Xt = 0, Xt+1 = 1) and Pr(Xt =
1, Xt+1 = 0), or otherwise, show that {Xt} is irreversible.

(b) Show that, if the Markov chain underlying a stationary HMM is
reversible, the HMM is also reversible.

(c) Suppose that the Markov chain underlying a stationary HMM is
irreversible. Does it follow that the HMM is irreversible?

9. Write a function pois-HMM.moments(m,lambda,gamma,lag.max=10)
that computes the expectation, variance and autocorrelation function
(for lags 0 to lag.max) of an m-state stationary Poisson–HMM with
t.p.m. gamma and state-dependent means lambda.

10. Write the three functions listed below, relating to the marginal distri-
bution of an m-state Poisson–HMM with parameters lambda, gamma,
and possibly delta. In each case, if delta is not specified, the station-
ary distribution should be used. You can use your function statdist
(see Exercise 8(b) of Chapter 1) to provide the stationary distribution.

dpois.HMM(x, m, lambda, gamma, delta=NULL)

ppois.HMM(x, m, lambda, gamma, delta=NULL)

dpois.HMM(p, m, lambda, gamma, delta=NULL)

The function dpois.HMM computes the probability function at the ar-
guments specified by the vector x, ppois.HMM the distribution func-
tion, and ppois.HMM the inverse distribution function.

11. Consider the function pois.HMM.generate_sample in A.2.1 that gen-
erates observations from a stationary m-state Poisson–HMM. Test the
function by generating a long sequence of observations (10 000, say),
and then check whether the sample mean, variance, ACF and relative
frequencies correspond to what you expect.

12. Interval-censored observations

(a) Suppose that, in a series of unbounded counts x1, . . . , xT , only the
observation xt is interval-censored, and a ≤ xt ≤ b, where b may
be ∞.
Prove the statement made in Section 2.3.4 that the likelihood of a
Poisson–HMM with m states is obtained by replacing P(xt) in the
expression (2.12) by the m × m diagonal matrix of which the i th
diagonal element is Pr(a ≤ Xt ≤ b | Ct = i).

(b) Extend part (a) to allow for any number of interval-censored ob-
servations.
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