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ABSTRACT
Following atomistic-continuum coupling methods for

lattice-structured materials [1, 2], a method for couplingparti-
cle to continuum regions of particulate materials is presented.
The particle region is modeled using particle mechanics and
the discrete element method, whereas the continuum region is
modeled using linear micropolar elasticity and the finite element
method. The formulation for coupling particle and continuum
degrees of freedom as well as partitioning kinetic and potential
energies in the overlapping domain is presented. Details ofthe
numerical implementation and numerical examples will follow
in a forthcoming paper. The method is developed to model par-
ticulate materials at their physical length scale (particle size)
in regions of large relative particle motion in a computationally
tractable manner.

INTRODUCTION
Dense, dry particulate materials are commonly found in

nature and in industrial processes. Examples of such particu-
late materials include metallic powders (for powder metallurgy),
pharmaceutical pills, agricultural grains (in silo flows),dry soils
(sand, silt, gravel), and lunar and martian regolith (soil found on
the surface of the Moon and Mars), for instance.

Despite their ubiquity and the associated intense efforts to
understand and predict—via theoretical and numerical models—
their deformation and flow behavior, particulate materialsremain
an unmastered class of materials with regard to modeling their
spectrum of mechanical behavior in a physically-based manner
across several orders of magnitude in length-scale. Particulate

materials may transition in an instant from deforming like asolid
to flowing like a fluid or gas and vice versa. Examples of such
physical transition are the flow of metal particles generating a
shear band in a metallic powder during compaction in a die, flow
of quartz grains around and at the tip of a driven steel pile or
earth penetrator weapon penetrating sand, the shoveling ofsand
by a tractor, and the flow of agricultural grains from the bulktop
region through the bottom chute in a silo, for instance. These
examples each involve material regions where relative neighbor
particle motion is ‘large’ (flowing like a fluid or gas) and re-
gions where relative neighbor particle motion is ‘small’ (deform-
ing like a solid). Part of the reason for not being able to model
the spectrum in a physically-based manner within one computa-
tional framework is that the length scale of the applicationusu-
ally is much larger than the length scale (diameter or length) of
the particles composing the particulate material: 1) 50 microm-
eter diameter metallic particle of a metallic powder compressed
in a 5 centimeter diameter die, leading to 3 orders of magnitude
difference in length scale (requiring≈ 109 particles); or 2) 100
micrometer diameter quartz particle of a sand sheared by a 10
centimeter diameter earth penetrator penetrating a 1 meterdeep
target, which is 4 orders of magnitude difference in scale (requir-
ing ≈ 1012 particles). As a result, it is not feasible to simulate
computationally the heterogeneous, localized deformation, and
flow response in the engineering application of interest involv-
ing particulate materials using a pure particle-based materials
modeling approach (such as Discrete Element (DE) simulation).
Hence, one solution is to develop a coupled/bridging multiscale
modeling approach that models the material as discrete particles
in regions where there is large relative particle motion, and as a
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solid continuum in regions of small relative particle motion. The
challenge is how to couple these regions properly from a com-
putational mechanics perspective and how to allow one region
to transition to the other—and vice versa—through the bridg-
ing mechanics, while all done adaptively within a computational
framework. This paper focusses on a method for coupling par-
ticle and continuum regions of a particulate material, presenting
only the formulation for now. The numerical implementation
and examples, bridging scale mechanics, and adaptivity will be
addressed in future papers.

SUMMARY OF PARTICLE AND CONTINUUM REPRE-
SENTATIONS

The balance of linear and angular momentum equations are
presented for particle and continuum representations of dense,
dry particulate materials. The linear micropolar elastic contin-
uum representation is appropriate only for glued, stiff, elastic
particles. A strategy for coupling these equations within an over-
lap region (cf. Fig.1) is summarized in the next section on COU-
PLING METHOD.

Particle Mechanics and Discrete Element Method
The balance of linear and angular momentum for a system

of semi-rigid particles in contact may be written as [3]

MQQ̈ + CQQ̇ + F INT,Q(Q) = F EXT,Q (1)

MQ =
N

A
δ=1

m
Q
δ ; m

Q
δ =

[
mδ 0

0 Iδ

]

F INT,Q =
N

A
δ=1

f
INT,Q
δ ; f

INT,Q
δ =

nc∑

ε=1

[
f ε,δ

`ε,δ × f ε,δ

]

whereMQ is the mass and rotary inertia matrix for a system of
N particles,mQ

δ is the mass and rotary inertia matrix for particle
δ, mδ is the mass matrix for particleδ, Iδ is the rotary inertia
matrix for particleδ, CQ = aMQ the mass and rotary iner-
tia proportional damping matrix with proportionality constanta
(used in a dynamic relaxation solution method for quasi-static
problems, but otherwise set to zero),F INT,Q the internal force
and moment vector associated withnc particle contacts which
is a nonlinear function of particle displacements and rotations
when particles slide with friction,f INT,Q

δ the internal force and
moment vector for particleδ, f ε,δ the internal force vector for
particleδ at contactε, `ε,δ × f ε,δ the internal moment vector for
particleδ at contactε with branch vector̀ ε,δ, andF EXT,Q the
external force and moment vector.Q is the generalized degree
of freedom vector for particle displacements and rotations

Q = [qδ, qε, . . . , qη, θδ, θε, . . . , θη]T , δ, ε, . . . , η ∈ A (2)

whereqδ is the displacement vector of particleδ, θδ its rotation
vector, andA is the set of free particles1. In general, a superscript
Q denotes a variable associated with particle motion, whereas a
superscriptD will denote a variable associated with continuum
deformation. Further details of assembling the matrices and vec-
tors in Eq.(1) from the individual particle and particle contact
contributions are not given here, as they are well established in
the literature, and because this paper focusses on the coupling of
the particle and continuum mechanics in an overlap region.

With regard to putting the particle mechanics and discrete
element implementation into a form amenable to energy par-
titioning in the coupled particle-continuum overlap region, we
consider an energy formulation of the balance equations using
Lagrange’s equation of motion. It may be stated as

d

dt

(
∂T Q

∂Q̇

)
−

∂T Q

∂Q
+

∂FQ

∂Q̇
+

∂UQ

∂Q
= F EXT,Q (3)

whereT Q is the kinetic energy,FQ the dissipation function, and
UQ the potential energy, such that

T Q =
1

2
Q̇MQQ̇ (4)

FQ = aT Q (5)

UQ(Q) =

∫ Q

0

F INT,Q(S)dS (6)

The dissipation functionFQ is written as a linear function of the
kinetic energyT Q, which falls within the class of damping called
Rayleigh damping, page 130 of [4]. Carrying out the derivation
in Eq.(3), and using the Second Fundamental Theorem of Calcu-
lus for∂UQ/∂Q, leads to Eq.(1).

Micropolar Continuum and Finite Element Method
Following the formulation of Eringen [5], we present the

balance of linear and angular momentum equations and finite ele-
ment formulation for a linear micropolar theory of elasticity. For
clarity of presentation, index tensor notation is used. Thebalance
equations for linear and angular momentum may be written as

σlk,l + ρbk − ρv̇k = 0

mlk,l + εkmnσmn + ρ`k − ρβ̇k = 0 (7)

whereσlk is the unsymmetric Cauchy stress tensor,ρ is the mass
density,bk is a body force per unit mass,vk is the spatial ve-
locity vector,mlk is the unsymmetric couple stress,εkmn is the
permutation operator,̀k is the body couple per unit mass,βk is
the intrinsic spin per unit mass, indicesk, l, · · · = 1, 2, 3, and
(•),l = ∂(•)/∂xl denotes partial differentiation with respect to

1The notion of free and ghost particles will be described in the Section on
COUPLING METHOD.
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the spatial coordinatexl. The intrinsic spin per unit mass is de-
fined as

βk ≡ jlkνl (8)

jlk ≡ immδlk − ilk (9)

whereilk is the microinertia tensor, andδlk the Kronecker delta.
The microgyration vectorνl for the linear theory is written as

νl = ϕ̇l (10)

whereϕl is the microrotation vector.

Introducing wk and ηk as weighting functions for the
macrodisplacement vectoruk and microrotation vectorϕk, re-
spectively, we apply the Method of Weighted Residuals to formu-
late the partial differential equations in Eq.(7) into weakform [6].
The weak, or variational, equations then result as

∫

B

ρwkv̇kdv +

∫

B

wk,lσlkdv

=

∫

B

ρwkbkdv +

∫

Γt

wktkda

∫

B

ρηkβ̇kdv +

∫

B

ηk,lmlkdv −

∫

B

ηkεkmnσmndv

=

∫

B

ρηk`kdv +

∫

Γr

ηkrkda (11)

whereB is the volume of the continuum body,tk = σlknl is the
applied traction on the portion of the boundaryΓt with outward
normal vectornl, andrk = mlknl is the applied surface couple
on the portion of the boundaryΓr.

The weak equations (11) may be approximated in Galerkin
form [6], whereby the discretization parameterh implies a dis-
crete approximation. Introducing shape functionsNu

a andNϕ
b

for the macrodisplacementuh
k and microrotationϕh

k vectors, re-
spectively, and assuming the microinertia is constant (jlk is con-
stant), we may write the approximations and derivatives as

uh
k =

nu
en∑

a=1

Nu
a dk(a) (12)

v̇h
k =

nu
en∑

a=1

Nu
a d̈k(a) (13)

wh
k =

nu
en∑

a=1

Nu
a ck(a) (14)

wh
k,l =

nu
en∑

a=1

(Nu
a ),lck(a) (15)

ϕh
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nϕ
en∑

b=1

Nϕ
b φl(b) (16)

β̇h
k = jlkϕ̈h

l

ϕ̈h
l =

nϕ
en∑

b=1

Nϕ
b φ̈l(b) (17)

ηh
k =

nϕ
en∑

b=1

Nϕ
b gk(b) (18)

ηh
k,l =

nϕ
en∑

b=1

(Nϕ
b ),lgk(b) (19)

wheredk(a) is the displacement vector at nodea, φl(b) is the ro-
tation vector at nodeb, ck(a) is the displacement weighting func-
tion vector at nodea, gk(b) is the rotation weighting function
vector at nodeb, nu

en is the number of element nodes associated
with interpolating the continuum macrodisplacement vector, and
nϕ

en is the number of element nodes associated with interpolating
the continuum microrotation vector. It is assumed that the shape
functions and integrals are expressed in natural coordinates for
an isoparametric formulation, but such details are omittedand
can be found in the textbook by Hughes [6]. Substituting these
approximations into the Galerkin form, accounting for essential
boundary conditions, and recognizing that the nodal weighting
function values are arbitrary (except where essential boundary
conditions are applied, and nodal weighting function values are
zero), we arrive at a coupled matrix form of the linear and angu-
lar momentum balance equations

Mud̈ + F INT,u(d, φ) = F b + F t (20)

Mϕφ̈ + F INT,ϕ(d, φ) = F ` + F r (21)

where matrices and vectors are assembled from their element
contributions using the traditional finite element assembly op-
erator [6]
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whereA
nel

e=1
is the element assembly operator,nel is the num-

ber of elements,Nu
e , Nϕ

e , j, Bu
e , σ, de, φe, Bϕ

e , m, σε, b, `,
t, andr are the element matrix and vector forms ofNu

a , Nϕ
b , jlk,

(Nu
a ),l, σlk, dk(a), φl(b), (Nϕ

b ),l, mlk, εkmnσmn, bk, `k, tk, and
rk, respectively [6].

Introducing a generalized nodal degree of freedom vector
D, the coupled micropolar linear and angular momentum bal-
ance equations are written as

MDD̈ + F INT,D(D) = F EXT,D (30)

MD =

[
Mu

0

0 Mϕ

]
D =

[
d

φ

]

F INT,D =

[
F INT,u

F INT,ϕ

]
F EXT,D =

[
F b + F t

F ` + F r

]
(31)

With regard to putting the continuum micropolar mechan-
ics and finite element implementation into a form amenable to
energy partitioning in the coupled particle-continuum overlap re-
gion, we consider an energy formulation of the balance equations
using Lagrange’s equation of motion. It may be stated as

d

dt

(
∂T D

∂Ḋ

)
−

∂T D

∂D
+

∂FD

∂Ḋ
+

∂UD

∂D
= F EXT,D (32)

whereT D is the kinetic energy,FD the dissipation function, and
UD the potential energy, such that

T D =
1

2
ḊMDḊ (33)

FD = 0 (34)

UD(D) =

∫ D

0

F INT,D(S)dS (35)

Carrying out the derivation in Eq.(32) leads to Eq.(30), assuming
constant inertiaMD.

COUPLING METHOD
An aspect of the computational multiscale modeling ap-

proach is to couple regions of material represented by particles,
Discrete Element (DE), to regions of material represented by
continuum, Finite Element (FE). Another aspect is to bridgethe
particle mechanics to a continuum representation using micro-
morphic plasticity [7], whereas the linear micropolar elastic con-
tinuum is a simple approximation of glued, stiff, elastic parti-
cles. The coupling implementation will allow arbitrarily over-
lapping particle and continuum regions in a single hand-shaking
or overlap region such that fictitious forces and wave reflections
are minimized in the overlap region. In theory, for nearly ho-
mogeneous deformations, if the particle and continuum regions
share the same region (i.e., are completely overlapped), the re-
sults should be the same as if the overlap region is a subset of
the overall problem domain (cf. Fig.1). This will serve as a fu-
ture benchmark problem for the numerical implementation. The
coupling implementation proposed in this research followsthe
“bridging scale decomposition” proposed by Wagner and Liu [1]
and modifications thereof by Klein and Zimmerman [2] (the ter-
minology “bridging” of scales in [1] is what we refer to as cou-
pling of regions in this work). The potential energy partition-
ing method described in [2] will be a point of departure for our
particle-continuum coupling implementation and extension to in-
clude dynamics (kinetic energy).

Kinematics
Here, a summary of the kinematics of the coupled regions

is given, following the illustration shown in Fig.1. It is assumed
that the finite element mesh covers the domain of the problem
in which the material is behaving more solid-like, whereas in re-
gions of large relative particle motion (fluid-like), a particle me-
chanics representation is used (DE). But for generality, wewill
formulate the kinematics assuming the particle and continuum
domains could completely overlap, or one contained within the
other. Following some of the same notation presented in [1, 2],
we define a generalized degree of freedom (dof) vectorQ̆ for
particle displacements and rotations in the system as
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overlap region

between particle

and continuum

continuum region (FE)

finite element nodes whose motion is prescribed 

by underlying particles

finite element nodes whose motion is unprescribed

free particles

ghost particles (particles whose motion is prescribed 

by continuum displacement and rotation fields)

particle

region (DE)

Figure 1. Two-dimensional illustration of the coupling between particle

and continuum regions. The purple background denotes the overlap re-

gion, light blue the continuum region, and white background (with brown

particles) the particle region.

Q̆ = [qα, qβ , . . . , qγ , θα, θβ , . . . , θγ ]T , α, β, . . . , γ ∈ Ă
(36)

whereqα is the displacement vector of particleα, θα its rota-
tion vector, andĂ is the set of all particles. Likewise, the finite
element nodal displacements and rotations are written as

D̆ = [da, db, . . . , dc, φd, φe, . . . , φf ]T (37)

a, b, . . . , c ∈ N̆ , d, e, . . . , f ∈ M̆

whereda is the displacement vector of nodea, φd is the rotation
vector of noded, N̆ is the set of all nodes, and̆M is the set of
finite element nodes with rotational degrees of freedom, where
M̆ ⊂ N̆ . In order to satisfy the boundary conditions for both
regions, the motion of the particles in the overlap region (referred

to as “ghost particles,” cf. Fig.1) is prescribed by the continuum
displacement and rotation fields, and written as

Q̂ = [qα, qβ, . . . , qγ , θα, θβ , . . . , θγ ]T , α, β, . . . , γ ∈ Â
(38)

while the unprescribed (or free) particle displacements and rota-
tions are

Q = [qδ, qε, . . . , qη, θδ, θε, . . . , θη]T , δ, ε, . . . , η ∈ A (39)

whereÂ ∪ A = Ă and Â ∩ A = ∅. Likewise, the displace-
ments and rotations of nodes overlaying the particle regionare
prescribed by the particle motion and written as

D̂ = [da, db, . . . , dc, φd, φe, . . . , φf ]T (40)

a, b, . . . , c ∈ N̂ , d, e, . . . , f ∈ M̂

while the unprescribed (or free) nodal displacements and rota-
tions are

D = [dm, dn, . . . , ds, φt, φu, . . . , φv]
T (41)

m, n, . . . , s ∈ N , t, u, . . . , v ∈ M

whereN̂∪N = N̆ , N̂∩N = ∅,M̂∪M = M̆, andM̂∩M = ∅.
In general, the displacement vector of a particleα can be

represented by the finite element interpolation of the continuum
macrodisplacement fielduh evaluated at the particle centroid in
the reference configurationXα, such that

uh(Xα, t) =
∑

a∈N̆

Nu
a (Xα)da(t) α ∈ Ă (42)

whereNu
a are the shape functions associated with the continuum

displacement fielduh. Recall thatNu
a have compact support and

thus are only evaluated for particles that lie within an element
containing nodea in its domain. For example, we can write the
prescribed displacement of ghost particleα as

qα(t) = uh(Xα, t) =
∑

a∈N̆

Nu
a (Xα)da(t) α ∈ Â (43)

Likewise, particle rotation vectors can be represented by the fi-
nite element interpolation of the continuum microrotationfield
ϕh evaluated at the particle centroid in the reference configura-
tion Xα, such that

ϕh(Xα, t) =
∑

b∈M̆

Nϕ
b (Xα)φb(t) α ∈ Ă (44)

whereNϕ
b are the shape functions associated with the microrota-

tion field ϕh. For example, we can write the prescribed rotation
of ghost particleα as

θα(t) = ϕh(Xα, t) =
∑

b∈M̆

Nϕ
b (Xα)φb α ∈ Â (45)

For all ghost particles, the interpolations can be written as
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Q̂ = N bQD
· D + N bQ bD

· D̂ (46)

whereN bQD
andN bQ bD

are shape function matrices containing
individual nodal shape functionsNu

a andNϕ
b , but for now these

matrices will be left general to increase our flexibility in choosing
interpolation functions (such as those used in meshfree methods).
Overall, the particle displacements and rotations may be written
as [

Q

Q̂

]
=

[
NQD N

Q bD

N bQD
N bQ bD

]
·

[
D

D̂

]
+

[
Q′

0

]
(47)

whereQ′ is introduced as the error in the interpolation of the free
particle displacements and rotationsQ, whose function space is
not rich enough to represent the true free particle motion. The
shape function matricesN are in general not square because the
number of free particles are not the same as free nodes and pre-
scribed nodes, and number of ghost particles not the same as
prescribed and free nodes. Thus, a scalar measure of error in
particle displacements and rotations is defined as

e = Q′ · Q′ (48)

which may be minimized to solve for prescribed particle and
nodal displacements and rotationsQ̂ and D̂ in terms of their
free counterpartsQ andD. Following the procedure in [2], upon
minimizinge in Eq.(48), we can solve for the prescribed particle
and nodal degrees of freedom as

Q̂ = B bQQ
Q + B bQD

D (49)

D̂ = B bDQ
Q + B bDD

D (50)

where

B bQQ
= N bQ bD

N−1

Q bD
(51)

B bQD
= N bQD

− B bQQ
NQD (52)

B bDQ
= N−1

Q bD
(53)

B bDD
= −N−1

Q bD
NQD (54)

Kinetic and Potential Energy Partitioning and Coupling
We assume the total kinetic and potential energy of the cou-

pled particle-continuum system may be written as the sum of the
energies

T (Q̇, Ḋ) = T Q(Q̇,
˙̂
Q(Q̇, Ḋ)) + T D(Ḋ,

˙̂
D(Q̇, Ḋ)) (55)

U(Q, D) = UQ(Q, Q̂(Q, D)) + UD(D, D̂(Q, D)) (56)

where we have indicated the functional dependence of the pre-
scribed particle motion and nodal dofs solely upon the free par-
ticle motion and nodal dofsQ andD, respectively. Note that in

taking the time derivatives˙̂Q and ˙̂
D we assume either the kine-

matics are linear (small strain), or that the shape functions are
evaluated in the reference configuration. These are detailsfor the
actual numerical implementation, but we will pursue a finitede-
formation finite element implementation. Lagrange’s equations
may then be stated as

d

dt

(
∂T

∂Q̇

)
−

∂T

∂Q
+

∂F

∂Q̇
+

∂U

∂Q
= F EXT,Q

d

dt

(
∂T

∂Ḋ

)
−

∂T

∂D
+

∂F

∂Ḋ
+

∂U

∂D
= F EXT,D (57)

which lead to a coupled system of governing equations (linear
and angular momentum) for the coupled particle-continuum me-
chanics in the overlap region. The derivatives are

∂T

∂Q̇
=

∂T Q

∂Q̇
+

∂T Q

∂
˙̂
Q

B bQQ
+

∂T D

∂
˙̂

D
B bDQ

(58)

∂T

∂Q
= 0 (59)

∂F

∂Q̇
=

∂FQ

∂Q̇
= a

(
∂T Q

∂Q̇
+

∂T Q

∂
˙̂
Q

B bQQ

)
(60)

∂U

∂Q
=

∂UQ

∂Q
+

∂UQ

∂Q̂
B bQQ

+
∂UD

∂D̂
B bDQ

(61)

∂T

∂Ḋ
=

∂T D

∂Ḋ
+

∂T D

∂
˙̂

D
B bDD

+
∂T Q

∂
˙̂
Q

B bQD
(62)

∂T

∂D
= 0 (63)

∂F

∂Ḋ
= 0 (64)

∂U

∂D
=

∂UD

∂D
+

∂UD

∂D̂
B bDD

+
∂UQ

∂Q̂
B bQD

(65)

If the potential energyU is nonlinear with regard to parti-
cle frictional sliding and micropolar (or micromorphic) plastic-
ity, then Eqs.(57) may be integrated in time and linearized for
solution by the Newton-Raphson method, as we will do.

SUMMARY
The paper presented the formulation for coupling particle

and micropolar elastic continuum mechanics regions of a partic-
ulate material, following the lattice-based approaches described
in [1,2], but extending to rotational dofs and kinetic energy. For
the case of large particle motion and frictional sliding, a finite de-
formation micromorphic plasticity model would need to be cou-
pled to the particle mechanics within the overlap region. Such
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a model for particulate materials is being formulated and will
be presented in a later paper [7]. We believe a micropolar plas-
ticity model would be insufficient, missing the microstretch and
microshear that clusters of particles could demonstrate, in addi-
tion to microrotations. The eventual multiscale computational
approach is meant to account for the particle mechanics (actual
particle size) in regions of large relative particle motionor flow,
and for the approximate continuum behavior in adjacent and far-
field regions.
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