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ABSTRACT

Following atomistic-continuum coupling methods for
lattice-structured materials [1, 2], a method for couplipgrti-
cle to continuum regions of particulate materials is presen
The particle region is modeled using particle mechanics and
the discrete element method, whereas the continuum region i
modeled using linear micropolar elasticity and the finiteraknt
method. The formulation for coupling particle and continuu
degrees of freedom as well as partitioning kinetic and piaén
energies in the overlapping domain is presented. Detaithef
numerical implementation and numerical examples willdiall
in a forthcoming paper. The method is developed to model par-
ticulate materials at their physical length scale (particdize)
in regions of large relative particle motion in a computataly
tractable manner.

INTRODUCTION

Dense, dry particulate materials are commonly found in
nature and in industrial processes. Examples of such partic
late materials include metallic powders (for powder meatal),
pharmaceutical pills, agricultural grains (in silo flowdjy soils
(sand, silt, gravel), and lunar and martian regolith (smilrfd on
the surface of the Moon and Mars), for instance.

Despite their ubiquity and the associated intense efforts t
understand and predict—via theoretical and numerical isede
their deformation and flow behavior, particulate mateniaieain
an unmastered class of materials with regard to modeling the
spectrum of mechanical behavior in a physically-based mann
across several orders of magnitude in length-scale. Bkaté

materials may transition in an instant from deforming likeodid

to flowing like a fluid or gas and vice versa. Examples of such
physical transition are the flow of metal particles genaept
shear band in a metallic powder during compaction in a dig, flo
of quartz grains around and at the tip of a driven steel pile or
earth penetrator weapon penetrating sand, the shovelisgnaf

by a tractor, and the flow of agricultural grains from the bial
region through the bottom chute in a silo, for instance. €hes
examples each involve material regions where relativehtxig
particle motion is ‘large’ (flowing like a fluid or gas) and re-
gions where relative neighbor particle motion is ‘smal&form-

ing like a solid). Part of the reason for not being able to nhode
the spectrum in a physically-based manner within one coaiput
tional framework is that the length scale of the applicatiso-
ally is much larger than the length scale (diameter or length
the particles composing the particulate material: 1) 50romc
eter diameter metallic particle of a metallic powder conspesl

in a 5 centimeter diameter die, leading to 3 orders of magaitu
difference in length scale (requiring 10° particles); or 2) 100
micrometer diameter quartz particle of a sand sheared by a 10
centimeter diameter earth penetrator penetrating a 1 ety
target, which is 4 orders of magnitude difference in scalgir-

ing ~ 10'2 particles). As a result, it is not feasible to simulate
computationally the heterogeneous, localized deformatmd
flow response in the engineering application of interesvlinv
ing particulate materials using a pure particle-based nadde
modeling approach (such as Discrete Element (DE) simuilatio
Hence, one solution is to develop a coupled/bridging nuatis
modeling approach that models the material as discrete|esrt

in regions where there is large relative particle motiord as a
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solid continuum in regions of small relative particle motidhe
challenge is how to couple these regions properly from a com-
putational mechanics perspective and how to allow one regio
to transition to the other—and vice versa—through the bridg
ing mechanics, while all done adaptively within a compataail
framework. This paper focusses on a method for coupling par-
ticle and continuum regions of a particulate material, pnéing
only the formulation for now. The numerical implementation
and examples, bridging scale mechanics, and adaptivitybeil
addressed in future papers.

SUMMARY OF PARTICLE AND CONTINUUM REPRE-
SENTATIONS

The balance of linear and angular momentum equations are

presented for particle and continuum representations n$ale
dry particulate materials. The linear micropolar elastatm-
uum representation is appropriate only for glued, stifgsat
particles. A strategy for coupling these equations witmmeer-
lap region (cf. Fig.1) is summarized in the next section o0
PLING METHOD.

Particle Mechanics and Discrete Element Method
The balance of linear and angular momentum for a system
of semi-rigid particles in contact may be written as [3]
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whereM © is the mass and rotary inertia matrix for a system of
N particles,m? is the mass and rotary inertia matrix for particle
4, mg is the mass matrix for particl® I is the rotary inertia
matrix for particled, C? = aM% the mass and rotary iner-
tia proportional damping matrix with proportionality cdasta
(used in a dynamic relaxation solution method for quadiesta
problems, but otherwise set to zer#)! V7% the internal force
and moment vector associated with particle contacts which
is a nonlinear function of particle displacements and iomet
when particles slide with frictionf;" "% the internal force and
moment vector for particlé, £<° the internal force vector for
particled at contact, £° x f£° the internal moment vector for
particled at contack with branch vecto#*’, and FFX7-@ the
external force and moment vecta® is the generalized degree
of freedom vector for particle displacements and rotations
0,17, be....me A (2)

Q: [qévqev"'aqnae&eéa"'

whereg; is the displacement vector of partieleé; its rotation

vector, andA is the set of free particlésin general, a superscript

QQ denotes a variable associated with particle motion, wisesiea

superscriptD will denote a variable associated with continuum

deformation. Further details of assembling the matricelvae-

tors in Eq.(1) from the individual particle and particle tact

contributions are not given here, as they are well estadudish

the literature, and because this paper focusses on theicgapl

the particle and continuum mechanics in an overlap region.
With regard to putting the particle mechanics and discrete

element implementation into a form amenable to energy par-

titioning in the coupled particle-continuum overlap ragiave

consider an energy formulation of the balance equationsgusi

Lagrange’s equation of motion. It may be stated as

<8fQ) B oT? n BEQ n ou® _ pEXT.Q

oQ 0Q  9Q  9Q

whereT'“ is the kinetic energyi’? the dissipation function, and
U< the potential energy, such that

4
dt

3)

0 = JQMOQ (4)
F@ = aT? (5)

Q
Ue(Q) = /0 FINTQ(5)ds 6)

The dissipation functio'? is written as a linear function of the
kinetic energy"@, which falls within the class of damping called
Rayleigh damping, page 130 of [4]. Carrying out the derosati

in EQ.(3), and using the Second Fundamental Theorem of €alcu
lus foroU? /0Q, leads to Eq.(1).

Micropolar Continuum and Finite Element Method
Following the formulation of Eringen [5], we present the
balance of linear and angular momentum equations and fieite e
ment formulation for a linear micropolar theory of elagticiFor
clarity of presentation, index tensor notation is used. Gddance
equations for linear and angular momentum may be written as

Ok, + pbr — pir, =0
(7)

whereoyy, is the unsymmetric Cauchy stress tengads the mass
density, b, is a body force per unit mass;, is the spatial ve-
locity vector,myy, is the unsymmetric couple stress,,,., is the
permutation operatofy, is the body couple per unit mas$; is
the intrinsic spin per unit mass, indicésl,--- = 1,2,3, and
(o) = 9(e)/0x; denotes partial differentiation with respect to

Mkt + €kmnOmn + ply — pBe =0

IThe notion of free and ghost particles will be described & $ection on
COUPLING METHOD.
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the spatial coordinate;.
fined as

The intrinsic spin per unit mass is de-

(8)
(9)

Br = Juen

Jik = tmmOie — ik

wherei;;, is the microinertia tensor, and, the Kronecker delta.
The microgyration vectar, for the linear theory is written as

Vv = gbl (10)

wherey; is the microrotation vector.

Introducing wy, and 7, as weighting functions for the
macrodisplacement vectar, and microrotation vectopy, re-
spectively, we apply the Method of Weighted Residuals tonior
late the partial differential equations in Eq.(7) into wéakm [6].
The weak, or variational, equations then result as

/pwkbkdv+/wk7lalkdv

B B
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B

r

(11)

whereB is the volume of the continuum body, = o n; is the
applied traction on the portion of the boundarywith outward
normal vectom;, andr; = myn; is the applied surface couple
on the portion of the boundaty,..

The weak equations (11) may be approximated in Galerkin
form [6], whereby the discretization parameteimplies a dis-
crete approximation. Introducing shape functigW$ and N,
for the macrodisplacemenf' and microrotationp} vectors, re-
spectively, and assuming the microinertia is constgpti$¢ con-
stant), we may write the approximations and derivatives as

u
Men

upp =" Nidy(a) (12)
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wheredy,, is the displacement vector at nodeg, ) is the ro-
tation vector at nodg, cy,, is the displacement weighting func-
tion vector at node, g« is the rotation weighting function
vector at nodeé, n¥, is the number of element nodes associated
with interpolating the continuum macrodisplacement veenod
n¥, is the number of element nodes associated with interpglatin
the continuum microrotation vector. It is assumed that tieps
functions and integrals are expressed in natural cooreknat

an isoparametric formulation, but such details are omited
can be found in the textbook by Hughes [6]. Substitutingéhes
approximations into the Galerkin form, accounting for esisé
boundary conditions, and recognizing that the nodal waight
function values are arbitrary (except where essential dapn
conditions are applied, and nodal weighting function valaee
zero), we arrive at a coupled matrix form of the linear anduang
lar momentum balance equations

Mu("l+FINT,u(
M#p 1 FINTR(

7¢):Fb+Ft
7¢):FE+FT

d (20)
d (21)

where matrices and vectors are assembled from their element
contributions using the traditional finite element assemip-
erator [6]
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whereA:il1 is the element assembly operatog is the num-
ber of elementsNY, N¥, j, BY, o, d°, ¢°, Bf, m, 0, b, £,
t, andr are the element matrix and vector formsf, N,°, ji,
(N s Oukes digays Buvys (NY) 10 Miks €kmnOmn, bry Lry tr, @nd
ri, respectively [6].

Introducing a generalized nodal degree of freedom vector
D, the coupled micropolar linear and angular momentum bal-
ance equations are written as

p [M* 0 [d
=[] o= o)
FNTw Fy,+F
FINT,D _ |:FINT,<p:| FEXT,D _ |:FZ+F: (31)

With regard to putting the continuum micropolar mechan-
ics and finite element implementation into a form amenable to
energy partitioning in the coupled particle-continuumnteere-
gion, we consider an energy formulation of the balance égust
using Lagrange’s equation of motion. It may be stated as

ouP
> 9D

OFD
oD

orpP

_ pEXT.D
oD T

d (8TD

dt \ oD (32)

dt

whereT'? is the kinetic energyi’” the dissipation function, and
UP the potential energy, such that

TP = %DMDD (33)

FP =0 (34)

UP(D) = / P FINTP(8)q8 (35)
0

Carrying out the derivation in Eq.(32) leads to Eq.(30)uasisg
constant inertia7” .

COUPLING METHOD

An aspect of the computational multiscale modeling ap-
proach is to couple regions of material represented byghasti
Discrete Element (DE), to regions of material represented b
continuum, Finite Element (FE). Another aspect is to britige
particle mechanics to a continuum representation usingomic
morphic plasticity [7], whereas the linear micropolar élason-
tinuum is a simple approximation of glued, stiff, elastiatpa
cles. The coupling implementation will allow arbitrarilyer-
lapping particle and continuum regions in a single handisiga
or overlap region such that fictitious forces and wave ratiest
are minimized in the overlap region. In theory, for nearly ho
mogeneous deformations, if the particle and continuunoregi
share the same region (i.e., are completely overlappeglyeth
sults should be the same as if the overlap region is a subset of
the overall problem domain (cf. Fig.1). This will serve asua f
ture benchmark problem for the numerical implementatidme T
coupling implementation proposed in this research folldines
“bridging scale decomposition” proposed by Wagner and Lju [
and modifications thereof by Klein and Zimmerman [2] (the ter
minology “bridging” of scales in [1] is what we refer to as eou
pling of regions in this work). The potential energy paotiti
ing method described in [2] will be a point of departure for ou
particle-continuum coupling implementation and extensoin-
clude dynamics (kinetic energy).

Kinematics

Here, a summary of the kinematics of the coupled regions
is given, following the illustration shown in Fig.1. It isasned
that the finite element mesh covers the domain of the problem
in which the material is behaving more solid-like, wherease-
gions of large relative particle motion (fluid-like), a gal® me-
chanics representation is used (DE). But for generalityyilie
formulate the kinematics assuming the particle and coatmu
domains could completely overlap, or one contained withi t
other. Following some of the same notation presented in][1, 2
we define a generalized degree of freedom (dof) ve€dor
particle displacements and rotations in the system as
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continuum region (FE)

—e ® ® ® ]
® ]
® ]
® ®

region (DE)

o free particles

e ghost particles (particles whose motion is prescribed
by continuum displacement and rotation fields)

@ finite element nodes whose motion is unprescribed

O finite element nodes whose motion is prescribed
by underlying particles

Figure 1. Two-dimensional illustration of the coupling between particle
and continuum regions. The purple background denotes the overlap re-
gion, light blue the continuum region, and white background (with brown
particles) the particle region.

v

Q:[qavqﬁv"' 7’YEA

aGV]Ta O‘vﬁv e
(36)
wheregq,, is the displacement vector of particle 6, its rota-
tion vector, andA is the set of all particles. Likewise, the finite
element nodal displacements and rotations are written as

7q’y70a70ﬁ7"'

9

D = [davdba"'ad67¢da¢ea"'
ab,....ce N', de,...

7¢f]T
feM

(37)

whered,, is the displacement vector of nodgg, is the rotation
vector of nodel, V is the set of all nodes, anti is the set of
finite element nodes with rotational degrees of freedom,revhe
M c N. Inorder to satisfy the boundary conditions for both
regions, the motion of the particles in the overlap regiefg(red

to as “ghost particles,” cf. Fig.1) is prescribed by the amnim
displacement and rotation fields, and written as
yeA

70’7]T7 O‘aﬁa e
(38)

while the unprescribed (or free) particle displacementsrata-
tions are

~

Q:[q(y7qﬁ7"'7q'y700670ﬁ7"'

Q: [q5,q€,...,q7],05,05,...,On]T, 6765"'5776"4 (39)

whereAU A = Aand AN A = (). Likewise, the displace-

ments and rotations of nodes overlaying the particle regien
prescribed by the particle motion and written as
ﬁ = [daadb7"'ad01¢da¢ea"'a¢f]T

a,b,...,cE/V, d7e,...,f€/\7

(40)

while the unprescribed (or free) nodal displacements atat ro
tions are

D = [dmvdna'"7dsa¢t7¢u7"'7¢7j]T
m,n,...,seN, tu,...,veM

(41)

whereNVUN = N, NN = 0, MUM = M, andMNM = 0.

In general, the displacement vector of a particlean be
represented by the finite element interpolation of the cantm
macrodisplacement field" evaluated at the particle centroid in
the reference configuratiok ,, such that

u'(Xo,t) = D NX(Xa)da(t) a€A
ae/\7
whereN} are the shape functions associated with the continuum
displacement field:”. Recall thatV* have compact support and
thus are only evaluated for particles that lie within an edam
containing node: in its domain. For example, we can write the
prescribed displacement of ghost particlas

Qo) =u"(Xa,t) = Y NHXo)da(t) a€A
ae/\7
Likewise, particle rotation vectors can be representechbyfit
nite element interpolation of the continuum microrotatfaid
" evaluated at the particle centroid in the reference cordigur
tion X, such that

" Xait) = ) NF(Xa)py(t) acd
beM
whereN;” are the shape functions associated with the microrota-
tion field . For example, we can write the prescribed rotation
of ghost particley as

0a(t) = " (Xat) = Y N/ (Xa)py, acd
beM
For all ghost particles, the interpolations can be written a

(42)

(43)

(44)

(45)
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Q=Ng, D+ Ngp-D (46)
whereN@D and Nsp are shape function matrices containing
individual nodal shape function§* andN;”, but for now these
matrices will be left general to increase our flexibility imaosing
interpolation functions (such as those used in meshfrebads].
Overall, the particle displacements and rotations may hienr

as
&)= [vewanl (5] [6)
Q Ngp Ngp 0
whereQ’ is introduced as the error in the interpolation of the free
particle displacements and rotatioRs whose function space is

not rich enough to represent the true free particle motiohe T
shape function matrice are in general not square because the

D

~

5 (47)

where we have indicated the functional dependence of the pre
scribed particle motion and nodal dofs solely upon the fre p
ticle motion and nodal dof@ and.D, respectively. Note that in

taking the time derivativeé) and D we assume either the kine-
matics are linear (small strain), or that the shape funstiane
evaluated in the reference configuration. These are détailse
actual numerical implementation, but we will pursue a filiée
formation finite element implementation. Lagrange’s eiunest
may then be stated as

d aT  OF U

oT EXT,Q
dt<8Q> Q  0Q 9IQ
d(OT\_OT OF U ppxro
dt (ab) oD 9D tap =T ®7)

which lead to a coupled system of governing equations (tinea
and angular momentum) for the coupled particle-continuuen m

number of free particles are not the same as free nodes and pre chanics in the overlap region. The derivatives are

scribed nodes, and number of ghost particles not the same as
prescribed and free nodes. Thus, a scalar measure of error in

particle displacements and rotations is defined as
e = Q/ . Q/

which may be minimized to solve for prescribed particle and
nodal displacements and rotatio@sand D in terms of their
free counterpart§ andD. Following the procedurein [2], upon
minimizing e in Eq.(48), we can solve for the prescribed particle
and nodal degrees of freedom as

(48)

Q = B5,Q + B5pD (49)
D =B3,Q+ Bp,D (50)
where
_ N —1
Bso=NgpN 5 (51)
Bsp =Ngp —BgoNanp (52)
—1
B, = NQf) (53)
Bs, = —Né%NQD (54)

Kinetic and Potential Energy Partitioning and Coupling

We assume the total kinetic and potential energy of the cou-
pled particle-continuum system may be written as the surheof t
energies

T(Q,D) =
U(Q,D) =

79(0,Q(Q
U?Q,Q(Q

D)) +TP(D, D(Q, D)) (55)
,D)) D

+
+U"(D,D(Q, D)) (56)

oT  oT? 9T1° orP
Q Q  HQ oD
oT
OF  OF9 oTe  orTe
36" 26 _a<aQ + AB@Q> (60)
oQ
oU U9 U@ ouP
9Q = 9q T g Paet op Pra OV
oT orr  arP oTe
oD oD oD 0Q
oT
g—g =0 (64)
ou  ouP oUuP oUe
oD~ 9D o Tovt g Per 9

If the potential energy/ is nonlinear with regard to parti-
cle frictional sliding and micropolar (or micromorphic)astic-
ity, then Egs.(57) may be integrated in time and linearizad f
solution by the Newton-Raphson method, as we will do.

SUMMARY
The paper presented the formulation for coupling particle

and micropolar elastic continuum mechanics regions of igpar
ulate material, following the lattice-based approachesdeed

in [1, 2], but extending to rotational dofs and kinetic energor

the case of large particle motion and frictional sliding rété& de-
formation micromorphic plasticity model would need to beico
pled to the particle mechanics within the overlap regionctSu
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a model for particulate materials is being formulated antli wi
be presented in a later paper [7]. We believe a micropola-pla
ticity model would be insufficient, missing the microstietnd
microshear that clusters of particles could demonstrataddi-
tion to microrotations. The eventual multiscale compotzdi
approach is meant to account for the particle mechanicadhct
particle size) in regions of large relative particle motanflow,
and for the approximate continuum behavior in adjacent and f
field regions.
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